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“Az ész az embernek nem azért adatott,  
hogy a természet felett uralkodjék,  
hanem, hogy azt követni s annak 
engedelmeskedni tanuljon.” 
Eötvös József  
 
“Knowledge was not given to mankind 
 that they would rule over nature 
but to learn to follow it 
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Het doel van dit proefschrift is om de kinetica en kinematica van de 
standaard en niet-standaard squat te onderzoeken. De krachten in het 
kniegewricht veranderen aanzienlijk als er verschillende soorten bewegingen 
worden uitgevoerd (standaard en niet-standaard squat). Dus, om een precies 
kniegewricht model te maken, moeten we met meerdere parameters 
rekening houden. Tijdens de analyse van de squat, zal het mechanische 
model onderzocht worden, deels vanuit het oogpunt van de belasting en 
deels vanuit het oogpunt van de kinematica tussen het contactoppervlak van 
het kniegewricht. 
Onder de meerdere andere parameters, werd de horizontale beweging van 
het zwaartepunt steeds verwaarloosbaar geacht, hoewel er wordt geoordeeld 
dat het gaat om een parameter die de patellofemorale en tibiofemorale 
krachten aanzienlijk kan wijzigen. 
Daarom is mijn eerste algemene doelstelling een nieuw mechanisch model te 
maken en het effect van de nieuwe parameter op de kinetica van het 
kniegewricht onder squat beweging te demonstreren. 
De lokale kinematica van het kniegewricht – met betrekking tot het 
contactoppervlak – kan zoals een verhouding van glijden en rollen worden 
beschreven. Dit verschijnsel heeft een wetenswaardig effect op de slijtage van 
de totale knievervangingen (Total Knee Replacement - TKR). De trend van 
het verschijnsel is momenteel niet bekend in de omvang van de actieve boog 
van de squathoek.  
Daarom is mijn tweede algemene doelstelling het verschijnsel van de glijden-
rollen verhouding tussen het contactoppervlak van het kniegewricht te 
beschrijven met behulp van numerieke methoden. 
Analyses van verschillende gevallen van belasting 
Er is sprake van de standaard squat model als de horizontale beweging van 
het zwaartepunt tijdens de analyses van de krachten in het kniegewricht 
verwaarloosd wordt. Terwijl er in geval van een niet-standaard squat model 
wel met deze parameter rekening gehouden wordt.  
Tot zover, werden alleen de standaard squat modellen grondig onderzocht. 
Deze benadering stelt dat het zwaartepunt, in het sagittaal vlak, het 
aansluitingspunt van het heupbeen en de top van het femur doorkruist, en 
niet horizontaal beweegt. 
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Daarom, werd de niet-standaard squat voor verder onderzoek gekozen, 
omdat dit soort van beweging de horizontale beweging van het zwaartepunt 
ook omvat.  
Vele auteurs hadden enige voorkennis over het mogelijk effect van de 
horizontale beweging van het zwaartepunt op de kinetica, hoewel niemand 
van hen de vraag in detail heeft onderzocht. 
Het werk van vroegere auteurs in beschouwing nemend, werd er een nieuw 
model gemaakt dat rekening houdt met de beweging van het zwaartepunt en 
meerdere andere factoren – zoals dimensieloze functies – rekening houdt. 
Met dit nieuw model, kunnen de patellofemorale and tibiofemorale krachten 
aan de hand van algebraïsche vergelijkingen berekend worden. De verkregen 
krachten zijn met resultaten uit de literatuur gevalideerd. 
Het bleek uit de resultaten, dat in tegenstelling tot de vroegtijdig modellen, 
de krachten ongeveer 27% (17-38%) lager zijn tijdens de squat, als er rekening 
gehouden wordt met de nieuwe parameter (de beweging van het 
zwaartepunt). Naast dit resultaat, kan men met het model de patellofemorale 
en tibiofemorale krachten (ingeval van standaard of niet-standaard) 
berekenen.  
De resultaten van het nieuw analytische model dient drie doelen: 
1. Ten eerste, kunnen de verkregen krachten als bekende parameters 
gebruikt worden als functie van de squathoek, 
2. Ten tweede, presenteren en bevestigen de nieuwe resultaten het 
effect van de horizontale beweging van het zwaartepunt op de 
kinetica van het kniegewricht tijdens squat, 
3. Ten derde, kunnen de resultaten – als beginvoorwaarden – in kracht 
gebaseerd ontwerp voor totale knievervangingen gebruikt worden. 
Er moet opgemerkt worden, dat het nieuw analytisch model allereerst beoogt 
het fysiologisch kniegewricht te beschrijven, niet prothetische vervangingen. 
Lokale kinematica in het humane kniegewricht  
Het ander belangrijk deel van deze thesis houdt verband met een zeer 
specifiek deel van de kinematica van de standard squat, namelijk de relatieve 
beweging tussen de femur- en de tibia-oppervlakken (condyles). Deze 
beweging wordt in de literatuur glijden-rollen genoemd.  
Dit fenomeen wordt in detail besproken met betrekking tot verbindingen bij 
tandwielaandrijving, de literatuur betreffende het humane kniegewricht is 
echter aanzienlijk beperkt. 
De aanwezigheid van glijden-rollen heeft een radicale impact op de 
levensduur van totale knievervanging, aangezien het aan de ene kant het 
vermoeiingstype genereert en aan de andere kant de wear rate verhoogt. 
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Als gevolg van deze feiten, is deze specifieke kinematische toestand 
significant voor ontwerp. 
Tot nog toe, werd dit fenomeen onderzocht door gelimiteerde analytische, 
numerieke of experimentele studies. Daarnaast gingen deze studies gepaard 
met verscheidene beperkingen, bijvoorbeeld werd het glijden-rollen enkel 
onderzocht in de kleinere hoeken (tot buigingshoek van 20-30°), er werden 
enkel vlakke modellen onderzocht, enkel de laterale of mediale zijden (niet 
beiden) werden onderzocht en de verbindende oppervlakken waren 
gemodelleerd met zeer vereenvoudigde geometrie. 
Door het gebruik van deze veronderstellingen, concludeerden de auteurs dat 
er meer rollen plaatsvindt in het begin van de beweging (tot squathoek van 
20-30°), dat verandert van aard in een punt en daarna overweegt het glijden. 
Om dit fenomeen te beschrijven, werden er verscheidene driedimensionale 
numerieke modellen samengesteld (gebaseerd op commercieel gebruikt 
totale knievervangings-geometrieën), waar niet enkel precieze geometrie 
maar ook wrijvingscontact in aanmerking werden genomen. 
De glijden-rollen verhouding was gedetermineerd in een zogenaamde 
functionele boog van het kniegewricht (20-120° van squathoek) wat 
betrekking heeft op het bereik van de buigingshoek voor dagelijks gebruikte 
activiteiten. 
Een goed gedefinieerde trend werd verkregen uit de numerieke resultaten, 
die 18-30% glijden tonen (82-70% rollen) in het begin van de beweging 
(tussen squathoek van 20-60°). Het evenwicht van de glijden-rollen ratio 
treedt op bij ongeveer 90° van squathoek (ongeveer wanneer de quadriceps 
wikkeling begint), en dan wordt het glijden dominant. Vanaf een squathoek 
van 110°, bereikt het glijden een gemiddelde 58% en verhoogt het tot het 
gemiddelde 62% bereikt aan een squathoek van 120˚. 
Naast de glijden-rollen verhouding, werd ook de tibiofemoralekracht 
onderzocht als een functie van de squathoek.  
Aangezien de numerieke modellen gecreëerd zijn uit geometrieën van totale 
knievervangingen, zijn de resultaten van toepassing op prothesen, maar niet 





































The aim of this thesis is to investigate the kinetics and kinematics of the 
standard and non-standard squat. The forces in the knee joint significantly 
change if different types of motions are carried out (standard or non-
standard squat).  
In order to create an accurate knee joint model, several parameters have to be 
taken into account. In the course of the analysis of the squatting, the 
mechanical model will be examined partly from the aspect of the loading, 
partly from the aspect of the local kinematics between the connecting 
surfaces of the knee joint. 
The horizontal movement of the center of gravity has always been neglected 
from the biomechanical parameters, even though it is considered as a 
parameter that can significantly alter the patellofemoral and tibiofemoral 
forces. 
My first general aim is to create a new mechanical knee joint model that can 
demonstrate the effect of the new parameter on the knee joint kinetics under 
squatting. 
The local kinematics of the knee joint – regarding the connection of the 
surfaces – can be described as a ratio of sliding and rolling. This phenomenon 
has a significant effect on the wear of the total knee replacements (TKRs). The 
trend of the phenomenon in the range of the active arc of the flexion angle is 
currently unknown.  
Therefore, my second general aim is to describe the phenomenon of sliding-
rolling between the connecting surfaces of the knee joint with numerical 
approach. 
Analysis of different loading cases 
Standard squat model is considered, when the horizontal movement of the 
center of gravity is neglected during the analysis of the forces in the human 
knee joint. Accordingly, this parameter is taken into account in case of non-
standard squat model. 
For this reason, the non-standard movement has been chosen for further 
investigation, since the effect of the horizontal movement of the center of 
gravity is also included into this type of motion. 
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Several authors had some foreknowledge about the possible effect of the 
moving center of gravity on the kinetics of the knee joint, but none of them 
have investigated the question in depth. 
Taking into consideration the work of the early authors, a new model has 
been created which involves the horizontal movement of the center of gravity 
and several other factors as dimensionless functions. With this new model, 
the patellofemoral and tibiofemoral forces can be calculated by means of 
algebraic equations. The obtained forces have been validated by results from 
the literature. 
According to the obtained results, the forces are approximately 27% (17-38%) 
lower during squatting movement if the new parameter (the horizontal 
movement of the center of gravity) is taken into account. Besides this result, 
the model is able to calculate the patellofemoral and tibiofemoral forces in 
case of standard or non-standard squat. 
The results of this new analytical-kinetical model serve three goals: 
1. Firstly, the obtained patello- and tibiofemoral forces can be used as 
known parameters as functions of flexion angle,  
2. Secondly, the results introduce and confirm the significant effect of 
the horizontal movement of the center of gravity on the kinetics of 
the human knee joint during squatting,  
3. Thirdly, the results can also be used – as initial conditions – for 
strength-based design in total knee replacements. 
A mention must be made that the created analytical-kinetical model 
primarily aims to describe the physiological knee joint under a specific 
movement, not prosthetic replacements. 
Local kinematics in the human knee joint 
The other prior part of this thesis is related to a specific part of the kinematics 
of the standard squat, namely the relative motion between the femoral and 
tibial surfaces (condyles). This motion is entitled in the literature as sliding-
rolling. The phenomenon is discussed in details regarding to gear drive 
connections, however the literature related to the human knee joint is 
considerably limited. 
The presence of sliding-rolling has radical impact on lifetime and 
survivorship of total knee replacements, since on the one hand it generates 
fatigue type mechanism and on the other hand it increases the wear rate.  
As a result of these facts, this specific kinematic condition has design 
significance. 
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Until now, this phenomenon has been investigated by limited analytical, 
numerical or experimental studies. In addition, these studies involved 
several major limitations e.g. the sliding-rolling was only investigated in the 
lower angles (up to 20-30˚ of flexion angle), only planar models were 
examined, only the lateral or medial sides were investigated (not both) and 
the connecting surfaces were modeled with greatly simplified geometry. 
By using these assumptions, the authors concluded that more rolling appears 
in the beginning of the motion (up to 20-30˚ of flexion angle), which changes 
its nature in a point, and beyond that sliding prevails. 
In order to describe this phenomenon, several three-dimensional numerical-
kinematical models were assembled (based on commercially used total knee 
replacement geometries), where not only precise geometry but frictional 
contact were also taken into account. 
The sliding-rolling ratio was determined in the so-called functional arc of the 
knee joint (20-120˚ of flexion angle) which covers the range of the flexion 
angle for daily-used activities.  
A well-defined trend was obtained from the numerical results, which shows 
an average 18-30% of sliding (82-70% of rolling) in the beginning of the 
motion (between 20-60˚ of flexion angle). The equilibrium of the sliding-
rolling ratio appears at about 90˚ of flexion angle (approximately when the 
quadriceps wrapping starts), and then sliding becomes dominant. From 110˚ 
of flexion angle, the sliding reaches an average 58% and increases until it 
reaches an average 62% at 120˚ of flexion angle. 
Besides the sliding-rolling ratio, the tibiofemoral force as a function of flexion 
angle has been examined as well. 
Since the numerical-kinematical models are created from geometries of total 
knee replacements, the results can be applied on prostheses but not on 









































Dolgozatom a standard illetve nem-standard guggolás kinetikájára és 
kinematikájára irányul. A térdben különböző mozgások során (standard és 
nem-standard guggolás) más és másfajta erőjáték alakul ki, melynél számos 
paramétert figyelembe kell venni, hogy megfelelően pontos modellt 
alkothassunk. A guggolás elemzése során a térd mechanikai modelljét 
részben a terhelés oldalról, részben pedig a térden belül kialakuló 
kinematikai viszonyok szempontjából vizsgáltam. 
A térd terhelésére vonatkozóan a paraméterek között van egy korábban 
mindig mellőzött tényező, az emberi súlypont horizontális elmozdulása a 
guggolás során, melynek figyelembevétele komoly változást okozhat a 
patellofemorális illetve tibiofemorális erőkben.  
Általános célom tehát egyrészt, egy új mechanikai modell felállítása, és ezen 
a fentebb említett új paraméter kinetikai hatásának bemutatása a guggolás 
során. 
A térdízületen belüli kinematikai viszonyok szempontjából, a térdízület 
kapcsolódó felületei között létrejövő mozgás leírható, mint a csúszás és 
gördülés együttese. Ezen jelenség nagymértékű hatással van az ízületi 
implantátumok kopására, azonban helyes aránya, nagysága és lefutása a térd 
teljes behajlítási tartományában jelenleg nem ismert. 
Célom tehát másrészt ezen jelenség vizsgálata és leírása numerikus 
módszerekkel. 
A terhelések hatásának elemzése 
Standard (vagy klasszikus) guggolási modellnek nevezzük azt a modellt, 
amikor az erők vizsgálata során a súlypont horizontális elmozdulásának 
hatásától eltekintünk, míg nem-standard guggolási modell esetén ezt a 
paramétert is figyelembe vesszük. 
Eddig mindössze a standard-guggolást vizsgálták mélyrehatóan, amely a 
guggolás közben feltételezi, hogy a sagittális síkban a súlypont a femur és a 
csípő kapcsolódásának pontjában áthalad, valamint horizontális irányban 
abból nem lép ki. Azon okból esett a választás a nem-standard guggolás 
vizsgálatára, mivel ebben a mozgásban szerepet nyer a horizontálisan is 
elmozduló súlypont okozta változás. 
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Korábban számos szerző vetett fel sejtéseket a súlypont horizontális 
elmozdulásának a kinetikára gyakorolt vélhető hatásáról, ám érdemben sem 
ők sem mások nem vizsgálták a jelenséget. 
Figyelembe véve a korábbi szerzők munkáit, egy új analitikus modellt 
hoztam létre, amely több dimenzió nélküli paraméter segítségével magába 
foglalja a horizontálisan elmozduló súlypont paraméterét is. A modell 
segítségével, algebrai egyenletekkel számíthatóvá válnak a patellofemorális 
és tibiofemorális erők, amely erőket az irodalomban található mérésekkel 
igazoltam.  
Az eredményekből kiderült, hogy az új paraméter (horizontálisan elmozduló 
súlyvonal) figyelembevételével a guggolás során az erők átlag 27% (17-38%) 
alacsonyabbak, mint ahogy azt a korábbi modellek mutatták. Emellett az 
eredmény mellett, a modellel lehetséges mindkét fajta guggolás (standard és 
nem-standard) során a patellofemorális, illetve a tibiofemorális erőket 
számítani. 
Az analitikus modell eredményei három célt szolgálhatnak: 
1. egyrészt a kapott eredmények felhasználhatók más modellezési 
illetve kísérleti vizsgálódásoknál – mint már ismert terhelések – a 
behajlítás függvényében, 
2. másrészt az eredmény bemutatja és igazolja a horizontálisan 
elmozduló súlyvonal jelentős hatását a guggolás kinetikájára, 
3. harmadrészt az eredmények segítséget nyújthatnak – mint kezdeti 
feltételek – a térdízület implantátum erőtani tervezésében. 
Megjegyzendő, hogy ebben a szakaszban a kutatás során létrehozott modell 
az emberi, fiziológiai térdízület leírását célozza meg. 
A térdízületen belüli kinematikai viszonyok 
Disszertációm másik fontos súlypontja a standard guggolás kinematikájának 
egy különleges részét képezi, mégpedig a femorális és tibiális ízfelszínek 
közötti relatív mozgás leírását. Ezt a mozgást az irodalomban csúszva 
gördülésnek nevezik. Fontossága miatt a jelenséget részletesen tárgyalják a 
fogaskerék kapcsolat témakörében, azonban a térdízülethez kapcsolódó 
irodalom jelenleg szerény mértékben áll rendelkezésre.  
A csúszva gördülés jelensége nagymértékben befolyásolja az implantátum 
élettartamát és túlélési valószínűségét, mivel eltérő abráziós kopást okoz a 
kapcsolatban lévő ízfelszínek között.  
Ez idáig a jelenséget igen korlátozott mennyiségű analitikus, numerikus vagy 
kísérleti tanulmány elemezte. 
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A tanulmányok igen jelentős egyszerűsítéssel vizsgálták a csúszva-gördülést, 
pl. csak a mozgás kezdeti fázisára szorítkoztak (20-30˚ behajlítási szögig 
bezáróan), csak síkbeli mozgást feltételeztek, csak a laterális vagy mediális 
oldalt vizsgálták és nagymértékben egyszerűsített geometriával modellezték 
a kapcsolatot. 
Ezen feltételek mellett több szerző olyan következtetéseket vont le, miszerint 
a mozgás kezdeti fázisára (20-30˚ behajlítási szögig bezáróan) a gördülés 
jellemző, amely aztán a behajlítás függvényében egy pont után fokozatosan 
csökken, így válik a csúszás dominánssá a mozgás további részében. 
Ezen jelenség feltérképezése céljából, kereskedelmi forgalomban lévő 
protézisgeometriából alkotott, háromdimenziós numerikus modelleket 
hoztam létre, amelyeknél nemcsak a pontos geometriát, hanem a kapcsolódó 
felületek közötti súrlódásos kapcsolatot is figyelembe vettem.  
A csúszva gördülés helyes arányát a térd úgynevezett funkcionális behajlítási 
szakaszában (20-120˚ behajlítási szögig bezáróan) határoztam meg, amely 
lefedi a mindennapokban használt mozgások tartományát.  
Az eredmények alapján egy jól értelmezhető trendet állapítottam meg, amely 
a mozgás elején (20-60˚ behajlítási szögig bezáróan) körülbelül 18-30% 
csúszást (82-70% gördülést) mutat. A csúszás-gördülés viszonya 90˚ 
behajlítási szögnél (körülbelül amikor a quadricepsz szalag elkezd rásimulni 
a patellára ún. „quadriceps wrapping” kezdetekor) az arány megfordul és a 
csúszás lesz domináns. Hozzávetőlegesen 110˚-tól 58% az átlagolt csúszás 
értéke, amely tovább növekszik, így 120˚ behajlítási szögnél 62%-os átlagot ér 
el. 
A csúszás-gördülés jelensége mellett vizsgáltam még a tibiófemorális erő 
nagyságának lefutását a behajlítási szög függvényében. 
A dolgozat második felére vonatkozóan, a modelleket protézisgeometriák 
figyelembevételével állítottam elő, eredményeim tehát protézisekre 
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Symbols, notations and acronyms 
 
pfF :   Patellofemoral compression force (N) 
tfF :    Tibiofemoral compression force (N) 
qF :    Quadriceps tendon force (N) 
ptF :    Patellar tendon force (N) 
sF :    Friction force (N) 
NF :    Normal force (N) 
hF :    Hamstring muscle force (N) 
reF :    External force for knee extension (N) 
rhF :    External force for knee flexion (N) 
GRF :   Measured ground reaction force (N) 
extensionT :  Extension torque (Nm) 
flexionT :  Flexion torque (Nm) 
BW:    Body weight force (N) 
hD :    Moment arm of hamstrings muscle (mm) 
plD :   Moment arm of patellar tendon (mm) 
rD :    Moment arm for external force (mm) 
qM : Moment arm of the quadriceps force about the 
patellofemoral contact point (cm) 
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ptM : Moment arm of the patellar tendon force about the 
patellofemoral contact point (cm) 
actM : Actual moment arm of patellar tendon about the 
tibiofemoral contact point (cm) 
effM : Effective moment arm (cm) 
d :  Moment arm of the net knee moment in case of 
standard squat (m) 
effL : Effective moment arm of quadriceps tendon (mm) 
NM : Net knee moment (m) 
g(α):  Approximate function of Fpt /Fq ratio (-) 
k(α):  Approximate function of Fpf /Fq ratio (-) 
C1-2-3-4: Constants for approximate functions (-) 
10l :  Length of the tibia (cm) 
30l :  Length of the femur (cm) 
1l :  Intersected length of the axis of tibia and the 
instantaneous line of action of the BW (cm) 
3l :  Intersected length of the axis of femur and the 
instantaneous line of action of the BW (cm) 
pl :  Length of the patellar tendon (cm) 
tl :  Perpendicular length between the tibia and the tibial 
tuberosity (cm) 
fl :  Perpendicular length between the femoral axis and 
the line of action of quadriceps tendon force (cm) 
1λ :  Dimensionless, intersected tibia length function (-) 
3λ :  Dimensionless, intersected femur length function (-) 
pλ :  Dimensionless length of patellar tendon (-) 
tλ :  Dimensionless thickness of shin (-) 
fλ :  Dimensionless thickness of thigh (-) 
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α :    Flexion angle of the knee (°) 
β :  Angle between the patellar tendon axis and the tibial 
axis (°) 
γ :  Angle between the axis of tibia and the line of action 
of the BW force (°) 
δ :  Angle between the axis of femur and the line of 
action of the BW force (°) 
ϕ :  Angle between the tibial axis and tibiofemoral force 
(°) 
ρ :  Angle between the patellar tendon and the patellar 
axis (°) 
ε :  Angle between the patellar axis and the femoral axis 
(°) 
ψ :  Angle between the quadriceps tendon and the 
femoral axis (°) 
ξ :  Angle between the quadriceps tendon and the 
patellar axis (°) 
φ :  Dimensionless function of the angle between the axis 
of tibia and the line of action of the BW force (-) 
θ :  Flexion of femur relative to the tibial axis (°) 
qθ :  Quadriceps force angle with respect to tibial axis (°) 
pθ :  Patellar axis angle with respect to tibial axis (°) 
321 −−η : Patellar rotation, twist and tilt (°) 
τ :  Change in patellofemoral mechanism angle (°) 
ϑ ′′ :    Angular acceleration (1/s2) 
COPy :   Position of center of pressure in the y direction (m) 
cx :    Position of center of gravity in the x direction (m) 
cy :    Position of center of gravity in the y direction (m) 
cz :    Position of center of gravity in the z direction (m) 
2
ycjs :    Variance of center of gravity in the y direction (m2) 
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2
1λs :  Variance of the dimensionless, intersected tibia 
length function (-) 
2
3λs :  Variance of the dimensionless, intersected femur 
length function (-) 
2
1.λfits : Fitting variance of the dimensionless, intersected 
tibia length function (-) 
2
3.λfits : Fitting variance of the dimensionless, intersected 
femur length function (-) 
ycjs : Standard deviation of center of gravity in the y 
direction (m) 
sY :  Moment arm of the net knee moment in case of non-
standard squat (cm) 
cy∆ :   Standard error of yc (m) 
t :    Constant for t-tests (-) 
r2:  Linear correlation coefficient between the original 
and modelled data values (-) 
K∆ : Percentage difference between standard and non-
standard squat quantities (-) 
1bd :  Basic circle of the driving gear (m) 
2bd : Basic circle of the driven gear (m) 
1V :  Contact velocity of the driving gear (m/s) 
2V :  Contact velocity of the driven gear (m/s) 
1ω :  Angular velocity of the driving gear in the contact 
(1/s) 
2ω :  Angular velocity of the driven gear in the contact 
(1/s) 
χ :    Sliding-rolling ratio (-) 
sr−ρ :   Rolling-sliding ratio (-) 
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Cir :    Displacement vector describing the path of the 
contact points (m) 
CMFr :   Displacement vector of the center of mass regarding 
the femur (m) 
CMTr :   Displacement vector of the center of mass regarding 
the tibia (m) 
CMFv :   Velocity vector of the center of mass regarding the 
femur (m/s) 
CMTv :   Velocity vector of the center of mass regarding the 
tibia (m/s) 
CMFω :   Angular velocity vector of the center of mass 
regarding the femur (1/s) 
CMTω :   Angular velocity vector of the center of mass 
regarding the tibia (1/s) 
Cie :    Tangential unit-vector of the contact path (-) 
CFr :   Displacement vector determining the contact point 
with respect to the center of mass of the femur (m) 
CTr :   Displacement vector determining the contact point 
with respect to the center of mass of the tibia (m) 
CFv :  Velocity vector of the contact point with respect to 
the center of mass of the femur (m/s) 
CTv :  Velocity vectors of the contact point with respect to 
the center of masses of the tibia (m/s) 
CFtv :   Tangential velocity components in the contact point 
regarding the femur (m/s) 
CTtv :   Tangential velocity components in the contact point 
regarding the tibia (m/s) 
CFnv :   Normal velocity components in the contact point 
regarding the femur (m/s) 
CTnv :   Normal velocity components in the contact point 
regarding the tibia (m/s) 
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femurs :   Arc length of femur (m) 
tibias :    Arc length of tibia (m) 
sµ :     Static coefficient of friction (-) 





TKR: Total knee replacement 
ACL: Anterior cruciate ligament 
PCL: Posterior cruciate ligament 
MCL: Medial cruciate ligament 
LCL: Lateral cruciate ligament 
SD:    Standard deviation 
COP:   Center of pressure 
COG:   Center of gravity 
ODE:   Ordinary Differential Equations 
DAE:   Differential-Algebraic Equations 















Nederlandstalige samenvatting............................................................................. ix 
English Summary ..................................................................................................xiii 
Magyar összefoglaló ............................................................................................xvii 
Publications ............................................................................................................ xxi 
Symbols, notations and acronyms.....................................................................xxiii 
CHAPTER 1  INTRODUCTION AND ANATOMICAL REVIEW ............................ 1 
1. Brief description of the PhD thesis............................................................. 2 
1.1. Involved Research Partners ................................................................. 2 
1.2. Motivation .............................................................................................. 2 
1.3. Methodology.......................................................................................... 4 
1.4. Aims of the PhD thesis.......................................................................... 6 
2. Notable persons in Biomechanics............................................................... 7 
3. Anatomical review of the human knee joint .......................................... 12 
3.1. Structural build-up of the bone ......................................................... 12 
3.2. Structural build-up of the knee and the major bones ..................... 13 
3.3. The cartilage system............................................................................ 18 
3.4. Cruciate ligaments and tendons........................................................ 19 
3.5. Major segments of the flexion angle ................................................. 22 
References ............................................................................................................... 24 
CHAPTER 2  ANALYTICAL-MECHANICAL MODELS OF SQUAT .................... 29 
1. Introduction .................................................................................................. 30 
2. Human locomotion and kinetics ............................................................... 32 
2.1. Mathematical, phenomenological models ....................................... 34 
2.2. Mathematical, anatomical models..................................................... 37 
2.3. Special modelling issue – Is the hinge-model applicable?............. 71 
3. Conclusions about the early anatomical models.................................... 76 
4. New mathematical-kinetical model.......................................................... 83 
4.1. Introduction.......................................................................................... 83 
4.2. Limitations and advancements.......................................................... 84 
4.3. Free-body diagram of the analytical-kinetical model..................... 86 
4.4. Mathematical description of the model............................................ 90 
4.5. Remarks of the model ......................................................................... 92 
References ............................................................................................................... 93 
 – xxx – 
CHAPTER 3  EXPERIMENTS ON HUMAN SUBJECTS .......................................101 
1. Introduction .................................................................................................102 
1.1. Aims of the experiment .....................................................................103 
1.2. Description of the experimental model...........................................104 
2. Setup and experiment ................................................................................105 
2.1. The measurement setup ....................................................................105 
2.2. Measurement of the center of gravity line......................................109 
2.3. Construction of dimensionless quantities and angles...................115 
3. Data processing ...........................................................................................121 
4. Results ..........................................................................................................126 
5. Conclusions .................................................................................................132 
References..............................................................................................................133 
CHAPTER 4  RESULTS OF THE NEW ANALYTICAL-KINETICAL MODEL .....137 
1. Effect of the center of gravity: Standard squat model .........................138 
2. Effect of the center of gravity: Non-standard squat model .................141 
3. Conclusions .................................................................................................148 
References..............................................................................................................149 
CHAPTER 5   NUMERICAL-MECHANICAL MODELS OF SQUAT ...................153 
1. Introduction .................................................................................................154 
2. General numerical models ........................................................................158 
3. Sliding-rolling modelling .........................................................................159 
3.1. Numerical models..............................................................................159 
3.2. Experimental methods ......................................................................169 
4. Conclusions about the numerical-experimental models.....................172 
5. The new numerical-kinematical model..................................................178 
5.1. Introduction ........................................................................................178 
5.2. Limitations and advancements ........................................................179 
5.3. Geometrical models ...........................................................................179 
5.4. Multibody models..............................................................................181 
5.5. Calculation method............................................................................187 
5.6. Results..................................................................................................192 
6. Discussion ....................................................................................................197 
7. Conclusions .................................................................................................205 
References..............................................................................................................207 
CHAPTER 6  NEW SCIENTIFIC RESULTS ...........................................................215 
CHAPTER 7  FUTURE WORK................................................................................221 


































































































– 2 – 
 
 
1. Brief description of the PhD thesis 
1.1. Involved Research Partners 
Two research partners were involved into this doctoral work, namely: 
 Institute of Mechanics and Machinery (Department of Mechanics and 
Engineering Design), Szent István University, Gödöllő, Hungary. The 
Department participates in different research fields such as mechanics 
of composite materials, granular assemblies modelled by Discrete 
Element Method, and biomechanics of the human knee joint. The topic 
related to the biomechanics has been the latest one at the department 
since it started in 2003, and during the past years, mostly experimental 
work has been carried out regarding the kinematics of cadaver knee 
joints with the cooperation of the Semmelweis University of Medicine.  
 
 Labo Soete (Department of Mechanical Construction and Production), 
Ghent University, Ghent, Belgium. The Department carries out various 
researches in numerous fields such as tribology, fatigue and fracture 
mechanics of mechanical structures and machine elements. The 
Department started the biomechanics research in 2006, and it has been 
expanded with several institutes (UZ in Gent, Hogeschool West-
Vlaanderen in Kortrijk). The work, which was started at Szent István 




Although knee implants perform well in restoring and maintaining good 
strength and functionality of the knee joint, the large number and type 
(posterior-stabilized design, cruciate-retaining design, unicompartmental 
design, etc.) of knee prostheses indicate that the behaviour of the knee joint is 
not yet fully understood. 
Nevertheless, the satisfaction of the patients is not unanimous according to 
the published survey results. While in the study of Kwon et al. [1.1], only 
0.9% of the patients (from 438 patients) declared to be unsatisfied, Blackburn 
et al. [1.2] stated, based on several other studies as well [1.3, 1.4], that 
approximately the 18% of the patients were unsatisfied with the outcome of 
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At the same time, patient satisfaction is a highly complex issue that is 
affected by many factors that determine health-related quality of life  
[1.5, 1.6]. Therefore, it is a challenging task to assess the patient satisfaction in 
an objective and reliable manner. 
The design of knee prosthesis is based on functionality, correct kinematics, 
determination of the operational loads and choosing adequate materials that 
can withstand the arising stresses. 
Among the various human locomotions (gait, running, squatting) we set the 
emphasis on the squat. We squat if the shoelaces are untied, or something is 
dropped on the floor. Besides the everyday use, squat movement is a basic 
strengthening exercise, which is vital to train primarily the muscles of the 
thighs, hips and buttocks.  
It is obvious that squatting is very much involved into our lives, therefore, it 
has to be correctly taken into account during the design.  
The primary focus on squatting is based on three significant facts: 
1. Except kicking, jogging or jumping the highest forces appear in 
the knee joint under squatting movement, 
2. Under squatting movement, almost the complete flexion angle (0˚ 
to 120-130˚) is used while during gait, running or other activities, 
it is limited to its one-third, one-fourth of the complete range, 
3. While patients with total knee replacements can carry out e.g. gait 
fairly well, kneeling or squatting often means difficulty due to the 
imperfection of the implants. 
These are the main reasons why this thesis deals exclusively with squatting. 
The kinetic description of squatting is limited to the so-called standard squat 
in the literature, where the torso is restrained to carry out only vertical 
motion, which means that practically the centre of gravity does not change its 
position during the squat. This simplification has been widely used and so 
far, only a few authors pointed out, that the moving centre of gravity might 
have a significant effect on the kinetics of the knee joint. 
On the grounds of this hypothesis, it will be demonstrated in this thesis how 
significantly the movement of the centre of gravity alters the knee kinetics 
under squatting movement. This new movement will be titled as  
non-standard squat. 
Nevertheless, there are also questions in the kinematics of the knee joint that 
studies have not yet dealt with, for example the sliding-rolling ratio in the 
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The sliding-rolling ratio is not only interesting in case of spur, helical or other 
gear connections, but in any engineering systems where components have to 
withstand long-term varying loading conditions and wear. 
Human knee prostheses are such elements, and for this reason, tribological 
tests are carried out on them before the actual production. Naturally, to 
obtain reliable results, experiments have to be carried out with realistic 
kinetic and kinematic boundary conditions.  
Based on the multiple studies about the kinetics of the knee joint under 
different movements, the loading issue is well-known and fundamentally 
researched. 
Problems rise, when certain parameters, such as the sliding-rolling parameter 
has to be set for a test. Regarding its ratio, only rough estimations are 
available in the literature, and that is related to the beginning of the motion 
between 0˚ to 20-30˚ of flexion angle. These results claim that in this initial 
segment, rolling is dominant, while above these certain angles sliding is 
primer. 
So far, sliding-rolling results related to 0-30˚ segment have been widely 
applied throughout tribological experiments, although if this ratio is 
underestimated, the actual wear will be much higher than the expected. For 
this reason, another fundamental aim of this thesis is to answer the question 
of the applicable sliding-rolling ratio in the functional arc of the knee joint 
(20- 120˚ of flexion angle). 
 
1.3. Methodology 
Generally, four major methods can be used to solve a scientific problem, 
namely: analytical, numerical, and experimental and complex method that 
involves all the earlier mentioned three methods [1.7]. 
Analytical methods are applied when it is possible to describe the phenomenon 
with algebraic or differential equations, therefore a closed-form mathematical 
solution can be obtained. 
Numerical methods are used when the descriptive equations of the 
phenomenon are known, but it is impossible to provide a closed-form 
solution for the problem. 
Experimental methods are based on observations and measurements on the 
phenomenon. Although it is widely used in both industrial works and 
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In the case of complex method, the phenomenon is approached by mostly 
analytical or numerical techniques, but experiments are also involved. 
In this doctoral work, the complex method is applied. The thesis begins with 
an analytical-kinetical model that is based on Newton’s second law and aims 
to describe the kinetics of both standard and non-standard squat. Earlier 
published models were surveyed, analyzed and utilized in the modelling, in 
order to answer questions that were neglected or oversimplified. Finally, a 
new model has been created. By this new model the patellofemoral 
compression force, the patellar tendon force, the quadriceps tendon force, 
and the tibiofemoral compression force can be derived by means of algebraic 
equations. 
Every theoretical model has a certain number of parameters that splices the 
model with reality. The more parameters it has, the more accurately it 
describes the phenomenon of interest.  
Bearing in mind that too many parameters are also not advised (for example 
in Hanavan’s model forty-one anthropometrical parameter appears [1.8]), the 
new analytical-kinetical model, described later in Chapter 2, includes seven 
anthropometrical parameters that were experimentally obtained. 
Regarding the experiments: several human male and female subjects 
participated in a series of non-standard squats, where human 
anthropometrical data was gathered and processed to serve as inputs to the 
analytical-kinetical model.  
In the second half of the thesis, a special part of the local knee kinematics was 
investigated, namely the sliding-rolling. Due to the complexity of the 
connecting femoral and tibial condyles, analytical methods were insufficient 
to draw accurate conclusions. For this reason, the phenomenon was 
investigated by means of numerical methods with the MSC.ADAMS 
software.  
As a minor result, a new sliding-rolling ratio has been introduced, since the 
ones given in several publications do not give clear view about the 
phenomenon. Regarding the major result, the sliding-rolling ratio has been 
obtained in the functional arc of the knee joint (between 20-120˚ of flexion 
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1.4. Aims of the PhD thesis 
In this doctoral thesis, two main questions are set as primary goals. 
The first question is related to a significant everyday motion, the non-
standard squatting, and its kinetics.  
What is the difference between the standard and non-standard squatting? 
In case of standard squatting, the horizontal displacement of the center of 
gravity is neglected during the movement (it is supposed to be fixed in one 
point). However, this parameter is considered in the non-standard squat and 
its position depends on the flexion angle. 
So far, only the standard squat has been substantially investigated, which 
lacks this significant parameter. For this reason, the choice fell on the non-
standard squat since the horizontal movement of the centre of gravity, or in 
other words the forward movement of the trunk, may considerably alter the 
kinetics of this type of movement. The forward-backward movement of the 
trunk as a factor, has been recognized and mentioned in earlier studies, but it 
was always left out of consideration. 
A new analytical-kinetical model that involves this parameter answers the 
question of how the forward movement of the trunk may affect the 
patellofemoral forces. By having involved the effect of moving center of 
gravity (movement of the trunk) into the model, the patellofemoral force, the 
tibiofemoral force, the patellar tendon force and the quadriceps force can be 
derived in case of standard and non-standard squatting alike. 
The output of this question serves more as a fundamental understanding of 
the knee joint, where the results can be used as initial conditions, related 
specifically to the loading conditions in the replacement design.  
The second question deals with a more practical-orientated issue, namely the 
sliding-rolling ratio. This ratio actually defines the relative motion between 
the condyles of the femur and the tibia. Due this reason, it is in a close 
interrelation with wear and therefore it has an essential effect on the lifetime 
and the survivorship of knee replacements. 
The foregoing phenomenon has also a fundamental side. Only a limited 
number of studies (analytical, numerical, and experimental) have dealt 
comprehensively with the question of sliding-rolling, and exclusively only 
but one study investigated this phenomenon on both lateral and medial sides 
of prostheses geometries.  
Preliminary results have already been published, for example in the 
beginning of the motion up to 20-30˚ of flexion angle the relative motion is 
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As for an output, this phenomenon is substantially essential in the 
tribological tests on actual prostheses. The presence of sliding-rolling 
produces different wear phenomenon on the connecting surfaces and for this 
reason a proper ratio has to be applied during these experiments. 
So far, these preliminary results were normative for tribological tests 
regardless of the applied domain (20-30˚ of flexion angle or above). 
Considering that a ratio, which is applicable for lower angles, would also be 
appropriate at higher angles is most certainly incorrect. For this reason, the 
ratio has to be investigated between 20-120˚ of flexion angle in order to 
provide valid results for experimental tests. 
The result of the second question is a multibody model, which can predict 
the sliding-rolling ratio of different prostheses. By the summary of these 
models, a general range about the ratio is appointed. 
 
2. Notable persons in Biomechanics 
Biomechanics, as being an interdisciplinary science, describes biological 
systems by the use of engineering principles. 
 “Biomechanics is a study of the structure and function of biological systems by 
means of the methods of mechanics.” 
A well-quoted definitions about biomechanics is dedicated to Herbert Hatze 
[1.9] who carried out significant work in the field of mathematical modelling 
of human movement and human neuromusculoskeletal systems.  
Biomechanics, due to its biological part is considerably complex, therefore it 
must be divided up to different fields. Some of these fields, most prominently 
kinematics and dynamics, can be relatively well described by traditional 
engineering principles such as Newtonian mechanics.  
The first published form of biomechanics is originated to Aristotle  
(384 BC – 322 BC) and titled as „De Motu Animalium” (On the Motion of 
Animals) [1.10], in which he observed and raised questions about physiology 
of the motion of different animals.  
Galen’s name (129 – 217) must be mentioned as the first team-physician in 
the history, whose work became untouched for the next 1300 years. Galen 
introduced the motor and sensory nerves, agonist and antagonist muscles, 
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However, the first well-known biomechanician is probably Leonardo da 
Vinci (1452 – 1519), who followed anatomy studies in the context of 
mechanics. His interest aimed mainly the mechanical function of the skeletal 
system, muscles (Figure 1.1), but he was among the first ones who made 
scientific drawings of the internal organs.  
  
Figure 1.1. Human arm by Leonardo da Vinci  Figure 1.2. Anatomical figure of van Wesel 
A great step towards modern anatomy was carried out by a young Flemish 
physician, Andries van Wesel (1514 – 1564) from Brussels, who dared to 
question Galen’s work and introduced a beautifully illustrated, modern book 
about anatomy titled as “De humani corporis fabrica” (On the fabric of the 
human body) [1.12] in 1543 (Figure 1.2). His numerous scientific findings 
included the description of the nerves as a mode of transmitting sensation 
and motion, the refusal of the heart-nerve system hypothesis, and the skeletal 
system as the framework of the human body.  
Galileo Galilei (1564 – 1642), the astronomer, physicist, philosopher, 
mathematician and as commonly referred “The Father of Science” has also 
done significant contribution in the field of biomechanics by observing the 
mechanical aspects of bone structure. He concluded through his observations 
that the animals’ masses disproportionally increase compared to their size, 
thus the girth of the bones increases disproportionally adapting to the load 
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Giovanni Alfonso Borelli (1608 – 1679), the renaissance physiologist and 
mathematician did extensive studies in the locomotion of animals  
(Figure 1.3). His revolutionary work based on his proven theory that the 
muscle can only carry out contractile movement and he denied that there 
was corpuscular influence on the movements of the muscles [1.13]. 
  
Figure 1.3. Parallels in humans and horses, and humans as structures by G. A. Borelli 
James Keill (1673 – 1719) was a pioneer and proponent of the applied 
mathematics in the field of physiology. The quantity of blood in a human 
body and its velocity, muscular motion (including the calculation of the 
number of fibers in the muscle), the driving force of the heart and the 
secretion of chemicals were within his investigations and interest. All his 
major work was published in a book of “Essays on several Parts of the Animal 
Œconomy” [1.14], where he introduced a theory (later proved to be 
erroneous) about the muscle contraction which stated that the muscle could 
only contract the two-third of its own size. 
By writing and publishing the book of “Principia Mathematica Philosophiae 
Naturalis” [1.15] Isaac Newton (1642 – 1727) gave the scientific world a tool 
called dynamics. Although, his theory describes the mechanics of rigid 
bodies, the forces and their effects on the bodies have been used widely and 
successfully in the fields of biomechanics, even today. 
At the time of 1740 – 1750 the researchers in the field of medical sciences 
became more and more interested about the electrical simulation of the 
muscles. Amand Duchenne (1806 – 1875) dedicated himself to the 
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He was also the first clinician who practiced the muscle biopsy. One of his 
great goals was to classify the function of individual muscles in relation of 
body movements. Nevertheless, later he recognized that this phenomenon 
did not exist in the nature. His most cited and acclaimed contribution to 
science was his masterwork about physiological movements [1.16].  
Human movement analysis, especially the analysis of gait is dated to 1890s, 
when Christian Wilhelm Braune and his student, Otto Fischer, published 
their book “Der Gang des Menschen” [1.17], based on experimental and 
anatomical investigations about human gait. Their comprehensive research 
involved the position of the center of gravity of the human body with its 
various segments. 
The early twentieth century was very rich in epoch-making results in several 
parts of biomechanics. In the muscular related field, Adolf Eugen Fick  
(1829 – 1901) introduced the terms of “isometric” and “isotonic”, Louis-
Antoine Ranvier (1835 – 1922) explored the difference in speed of contraction 
between red and white muscle fibers [1.18], while Wilhelm Roux  
(1850 – 1924) assumed that muscular hypertrophy (growth) develops after 
intensive work. Later, Werner W. Siebert proved Roux’s assumption 
experimentally. 
As for another field of bone structure, Julius Wolff (1836 – 1902) composed a 
new theory about the trajectory of bones. The famous Wolff’s law is the 
following:  
“Every change in the form and function of a bone or of their function alone is 
followed by certain definite changes in their internal architecture, and equally 
definite secondary alteration in their external conformation, in accordance with 
mathematical laws.” 
For today’s neuroscience the milestone was laid by Angelo Mosso  
(1846 – 1910) who invented and created the first neuroimaging instrument, 
the sphygmomanometer, which was capable to measure blood pulsation in 
the human cortex. He demonstrated with this technique that the pulsation 
changes during mental activity. His other great invention is the ergograph, 
which can record the frequency and the force of a muscle. 
Willem Einthoven (1860 – 1927) a Dutch doctor, physiologist, Nobel-prize 
winner invented the first practical electrocardiogram in 1903. At that time, it 
was already known that the heart produces electrical current but no device 
could measure these currents accurately. 
This instrument provided an approach to quantify muscle activity and 
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Still connected to the muscles, a British researcher, Archibald Vivian Hill 
(1886 – 1977), found hyperbolic relationship between tetanized muscle 
contraction and velocity [1.19]. According to his model, the higher the load 
applied to the muscle, the lower the contraction velocity is, and vice versa. 
From 384 BC, the science of biomechanics arrived to our century as well. The 
earlier scientists carried out mostly general and often groundbreaking 
studies to understand some parts of biomechanics. As they progressed 
further in their research, their studies became more restricted to specific 
subjects as well. Similarly to the present-day researches, this study is also 
restricted to a small piece in biomechanics, namely to the knee joint 
modelling. 
Naturally, different joint models exist. Hefzy and Grood [1.20] introduced a 
specification system in order to help other researchers in the description of 
the human knee joint.  
They divided the joint models to physical knee models, phenomenological 
models (or stiffness model) and anatomical joint models as follows:  
1. Physical knee models aim to determine the contact behaviour of the 
articular surfaces and to investigate joint kinematics. By these models, it 
becomes possible to study complicated issues such as the tibiofemoral 
motion, which can be described as rolling and sliding. 
2. Phenomenological models can be used to study how the joint responses 
to external effects, without considering its actual structure. These models 
have been further classified as simple hinge models or rheological models. 
3. Anatomical models on the other hand, are built up accordingly to a 
realistic structure, thus the behaviour of each component can be 
thoroughly studied. The degree of their complexity greatly divers as 
rigid or deformable bodies are used in the modelling.   
In my thesis, both anatomical and physical models will be used for kinetical 
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3. Anatomical review of the human knee joint 
In this chapter, the major structures of the knee joint will be presented 
anatomically, followed by some important elements regarding their 
biomechanics. The review is intended to assist in the modelling, since a 
thorough knowledge of the complex anatomy and biomechanical function of 
the structures of the knee is essential to make adequate assumptions and 
simplifications. 
 
3.1. Structural build-up of the bone 
Osseous tissue, or bone tissue, is the major structural and supportive 
connective tissue of the human body [1.21]. Osseous tissue forms the rigid 
part of the bone organs that build up the skeletal system. If we look at the 
structure of the femur, two specific compositions occur in the bone: a solid 
part, and a cancellous (spongy) part (Figure 1.4). 
 
Figure 1.4. Structure of the femur [1.22] 
The solid part frames the outer part of the bone, while the spongy part 
composes the inner part. The build-up of the bone is not irregular but 
structured in a so-called trajectory system, accordingly to the normal forces 
that affect the bone. This means that due to the load, the frame has equivalent 
arrangement related to the static force lines.  
By considering all these features, the modelling becomes rather difficult if all 
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Apart from the theory of elastic or plastic deformation, if the deformations of 
the bones are disregarded and they are modelled as rigid bodies, the 
mechanical investigation becomes significantly simpler.  
 
3.2. Structural build-up of the knee and the major bones 
The knee joint is a closed system, built up from ligaments and muscles. This 
system is generally defined as one of our organs (Figure 1.5). Often, it is 
considered in the modelling as a simple hinge that carries out planar motion, 
while in reality, it is the largest and most complex (related to its function and 
its geometry as well) mechanism of our body [1.21].  
 
Figure 1.5. Anterolateral aspect of the knee joint [1.21].   
Functionally, it is not a gynglymus (planar joint) but strictly 
trochogynglymus (spatial joint) joint type [1.22]. The knee joint allows both 
flexion and extension about a virtual transverse axis of the femur and a slight 
medial-lateral rotation about the tibial axis (the lower leg) during the 
movement.  
The knee joint carries out local movement as well, since rolling and sliding 
occurs between the condyles of the femur and tibia during extension-flexion. 
Three major bones can be distinguished concerning the bones of the knee 
joint: femur, tibia and patella (Figure 1.6, Figure 1.8 and Figure 1.10). The 
joint baths in a synovial fluid, which is responsible for the proper lubrication 
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3.2.1. The Femur 
The femur is the largest and longest bone of the human body. The length of 
an average adult male femur is about 43.85 ± 3.549 cm while a female is 42.19 
± 3.127 cm [1.23]. The femur has the ability to support up to 30 times the full 
body weight of an adult. The structure of the bone can be divided into three 
parts such as, body part and the two extremities: the proximalis part (upper) 
and distalis part (lower) (Figure 1.6). 
 
Figure 1.6. The femur [1.21] 
The proximalis part joints the hip similarly to a socket-ball connection, while 
the distalis part connects the tibia and the patella together.  
By looking at the distalis part from the front (Figure 1.7), the different 









Figure 1.7. Condyles of the femur (right leg) 
Between the lateral and medial groove, the patellar surface is situated. This 
concave region at the lower end of the femur is commonly called as trochlea 
or trochlear groove [1.22]. In this groove (trochlea), the patella carries out a 
rotating-sliding motion.  
The condyles of the knee joint are covered by cartilage, which is a thin, elastic 
tissue that protects the bone and assures that the joint surfaces can easily 
slide (and roll) over each other. Cartilage ensures the correct knee movement 
as well. 
One remarkable feature of the femur that the internal structure is formed in 
an efficient manner to withstand the internal stress that occurs due to the 
load on the femur-head. Throughout the femur, with the load on the femur-
head, the bony material is arranged in the paths of the maximum internal 
stresses, which are thereby resisted with the greatest efficiency, and hence 
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3.2.2. The Tibia 
The tibia has a prismoid form and it expands at the top where it enters into 
the knee joint. It also contracts in the lower third and then again enlarges but 
to a lesser extent towards the ankle joint (Figure 1.8). The length of an 
average adult male tibia is about 38.37 ± 2.398 cm while a female is 35.13 ± 
2.215 cm [1.23]. The highest internal load during gait can reach 4.7 times of 
the body weight. 
 
Figure 1.8. The tibia [1.21] 
The tibia has also a body part and two extremities. 
The upper extremity is large, and expanded into two eminences, the medial 
and lateral condyles (Figure 1.9). The superior articular surface presents two 
smooth articular facets. The medial facet, oval in shape, is slightly concave 
from side to side, while the lateral, nearly circular and it is concave from side 








Figure 1.9. Condyles of the tibia [1.21] 
Between the articular facets, but nearer the posterior than the anterior aspect 
of the bone, is the intercondyloid eminence (spine of tibia), surmounted on 
either side by a prominent tubercle (small eminence or outgrowth), on to the 
sides of which the articular facets are prolonged. Rough depressions situate 
in front of and behind the intercondyloid eminence for the attachment of the 
anterior and posterior cruciate ligaments and the menisci [1.22]. 
 
3.2.3. The Patella 
The patella (also called kneecap) is a flat, chestnut-like bone, situated on the 
front of the knee joint (Figure 1.10). It serves to protect the front of the joint, 
and increases the leverage of the quadriceps tendon by altering the angle 
between the femoral axis and the quadriceps tendon during the movement. It 
has an anterior and a posterior surface, three borders and an apex  
(pointy lower part) [1.21]. 
   
Figure 1.10. Patella from anterior and posterior view [1.21] 
Unlike the femur or tibia, the patella consists of a nearly uniform dense 
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3.3. The cartilage system 
Two types of joint cartilage can be differentiated in the knee joint: fibrous 
cartilage, or better known, the meniscus and hyaline cartilage. As for their 
role in the knee, the meniscus has tensile strength and can resist pressure, 
while the hyaline cartilage covers the surface along which the joint moves 
[1.21]. 
 
Figure 1.11. Medial and lateral meniscus of the knee joint [1.21] 
The menisci have two parts: lateral and medial (Figure 1.11). Both are 
cartilaginous tissues that provide structural integrity and stability to the knee 
joint when it undergoes tension and torsion. The menisci are also known as 
semi-lunar cartilages due to their half-moon "C" shape. 
Although this term has been largely dropped by the medical profession, still 
led the menisci being called knee “cartilages” by the lay public [1.22]. 
The function of the menisci is to distribute the body weight and to reduce 
friction during extension or flexion. This transmission is carried out as 
follows: the patella, due to the constraining force of the patellar tendon, 
slowly slips out of the patellar surface into the intercondylaris fossa  
(Figure 1.7). Since the condyles of the femur and tibia meet at one point 
(which changes during flexion and extension), the menisci distribute the load 
of the body [1.22]. 
Natural tendency that cartilage wears over the years and unfortunately 
likewise the human teeth, it has a very limited capacity for self-restoration. 
The newly formed tissue will generally consist for a large part of fibrous 
cartilage of lesser quality than the original hyaline cartilage. As a result, new 
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3.4. Cruciate ligaments and tendons 
The cruciate ligaments are very strong intracapsular structures. Originally 
referred as a crucial ligament due to the cruciate, or crossed, arrangement of 
the anterior and posterior ligaments within the knee. The crossing point is 
located slightly posterior to the articular centre. They are entitled as anterior- 
and posterior ligaments with reference to their tibial attachments  
(Figure 1.12). 
 
Figure 1.12. Cruciate ligaments [1.21] 
The synovial membrane almost surrounds the ligaments but it is reflected 
posteriorly from the posterior cruciate to adjoining parts of the capsule, 
therefore the intercondylar part of the posterior region of the fibrous capsule 
has no synovial covering.  
 
3.4.1. Anterior cruciate ligaments 
The anterior cruciate ligament (later on ACL) is attached to the anterior 
intercondylar area of the tibia, just anterior and slightly lateral to the medial 
tibial eminence, partly blending with the anterior horn of the lateral meniscus 
[1.21]. It ascends postero-laterally, twisting on itself and fanning out to attach 
high on the postero-medial aspect of the lateral femoral condyle [1.24]. The 
average length and width of an adult anterior cruciate ligament are 38 mm 
and 11 mm respectively [1.24, 1.25]. It is formed of two, or possibly three, 
functional bundles that are not apparent to the naked eye, but can be 
demonstrated by micro dissection techniques. The bundles are named 
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3.4.2. Posterior cruciate ligaments 
Compared to the ACL, the posterior cruciate ligament (later on PCL) is 
thicker and stronger, while the average length and width of an adult 
posterior cruciate ligament is 38 mm and 13 mm respectively [1.24, 1.25]. The 
PCL is attached to the lateral surface (Figure 1.12) of the medial femoral 
condyle and extends up onto the anterior part of the roof of the intercondylar 
notch. Its fibres are adjacent to the articular surface. Both anterolateral and 
posteromedial bundles are named according to their femoral attachments. 
The anterolateral bundle tightens in flexion while the posteromedial is tight 
in extension of the knee joint. Each bundle slackens as the other tightens. 
Unlike the anterior cruciate ligament, it is not isometric during knee motion, 
thus the distance between the attachments varies as a function of knee 
position. The PCL rupture occurs less commonly than the ACL and patients 
usually tolerate it better than that of the ACL. 
 
3.4.3. Quadriceps tendon and the patellar tendon 
The quadriceps femoris is the major extensor muscle of the leg, which covers 
almost the complete front and side part of the knee. This muscle is divided 
into four individual parts namely: rectus femoris that travels straight down 
the middle of the thigh, vastus lateralis, which is lateral to the femur, vastus 
medialis, which is medial to it, and vastus intermedius that lies in front of the 
femur (Figure 1.13). 
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The four components of the quadriceps muscle unite in one tendon at the 
lower part of the thigh. This tendon then goes over the patella and ends in 
the tubercle of the tibia as a continuation of the main tendon. 
The role of the patellar tendon is essential in the locomotion of the knee, since 
it transmits the force from the quadriceps through the patella to the tibia 
(Figure 1.14). 
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3.5. Major segments of the flexion angle 
The range of knee flexion used in the everyday activities extends from about 
20˚ ± 10˚ to 110-120˚ of flexion angle. In this range or arc, the human knee 
corresponds to the quadrupedal (land animal locomotion) mammalian [1.27]. 
The flexion of arc in case of human beings can be divided into three major 
segments: the “screw home” arc, the “active arc” and the “passive arc” 
(Figure 1.15). 
 
Figure 1.15. Major segments of human arc [1.27] 
The arc between 20-120˚ of flexion angle is considered as the fundamental 
active arc, which is totally under muscular control and involves most of our 
daily activities. Approximately 67˚ is required for swing phase of gait, 83-90˚ 
for climbing up and descending stairs, and 93˚ for rising up from a chair 
[1.28, 1.29]. 
The knee joint carries out the ,,screw-home mechanism” between 5-20˚ 
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a.     b. 
 
c. 
Figure 1.16. Illustration of the screw-home mechanism (a, b, c) 
The knee carries out the following pattern during knee extension: the tibia 
slides anteriorly on the femur surface (Figure 1.16-a) starting from 0˚ angle, 
then in the last 20˚ of knee extension, anterior tibial slide persists on the 
medial condyle of the tibia because its articular surface is longer in that 
dimension than the lateral condyle (Figure 1.16-b). At the last part, the 
prolonged anterior slide on the medial side produces external tibial rotation, 
which is the so-called "screw-home" mechanism (Figure 1.16-c). 
Finally, there is the “passive arc” between 120-160˚ of flexion angle, which is 
most commonly used in the Asian population [1.30]. It is important to know 
that the thigh muscles have no effective moment arm after 120˚ of flexion 
angle and for this reason to maintain the motion and carry the tibia into 
another flexed position an external force has to be applied, which is the body 
weight itself [1.27]. 
Since this arc is less often practiced (except in the Asian countries), the accent 
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Mathematical models mean comprehensive tools to expand the possibilities 
of analysing complicated structures in any field of science.  
The investigation of the musculoskeletal system, like those of any system, 
usually requires the development of a model. A model is used to answer 
some questions about the behaviour of a system. It may be constructed as a 
physical apparatus, or alternatively it may be theoretical or computational.  
The ability to devise the best model in order to to answer a specific question 
is one of the hallmarks of excellence in scientific investigation. Neither 
should the model be so complex that the inputs cannot be measured, nor 
should it be so simple that the predictions are too obvious. Creating a model 
that balances these two aspects requires knowledge of modelling tools, and 
how they may be applied [2.1].  
Naturally, it also requires judgment and experience. In order to give a hint 
about the modelling, five simple but concrete statements can be summarized 
[2.1], which will be applied in our further investigations: 
1. None of the investigations – theoretical or experimental – should be 
over-emphasised. Only the proper combination of the two leads to 
solution. 
2. The observed phenomenon can be divided into parts. Useful 
information can be gained by only investigating the individual parts 
and not the complete system. 
3. The laws of nature are constant in space, valid in every field, can be 
summarized in mathematical formulas, independent respectively of 
the observer or the state of the phenomenon. These laws are parts of 
the nature, not made-up mathematical formulations.  
4. The model is defined by the aim of the investigation as well. The aim 
of the model – in the view of the related laws of nature – is to 
determine the behaviour of the investigated phenomenon. The 
knowledge, related to the phenomenon, can only be expanded by the 
model results.  
5. Through the new models, new information can be gained regarding 
the phenomenon in interest, but the obtained results must be always 
compared to experiments. This is the adequate way to conclude 
whether the model is correct or not. 
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Although, it is not mentioned as an individual statement, another relevant 
comment has to be added to the modelling issues. Since a model only follows 
some major similarity with the observed phenomenon, eventually it will not 
be able to describe it entirely. There is always a range where the model gives 
a good approximation related to the phenomenon, but beyond that, due to 
the lack of perfect description the obtained results are not in agreement with 
reality.  
This is the applicability range of the model. In any case, if a theoretical model 
is used, this range has to be appointed. 
It is well-known, that patellofemoral problems are common causes of failure 
after total knee replacement (TKR). Patellar resurfacing implants have often 
shown loosening or wear of their polyethylene surfaces [2.2, 2.3]. Besides that 
large increases in anterior patellar strain have been reported after total knee 
replacements, suggesting, that joint replacements may have adverse effects 
on the mechanics of the extensor mechanism of the knee joint [2.4, 2.5].  
For this reason, the acting forces in the knee joint have to be known in most 
of the cases of the movements. In order to address the problem regarding 
kinetics of the knee joint, a comprehensive overview have been carried out 
about all the available (current and early) analytical-mechanical models. 
In this overview, the models are substantially reviewed and analyzed. At the 
end of each review, the important findings, related to the shortcomings or 
problems still undealt with, are summarized and some remarks are outlined. 
By this approach, the common and long-standing features of the earlier 
models can be utilized, the ones that are proven irrelevant disregarded, and 
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2. Human locomotion and kinetics 
Peak forces acting in the knee joint under various activities were calculated 
as long ago as the 1950s. Different knee models with input of gait analysis, 
force plate data, EMG data, or geometric measurements of the limb were 
used in these investigations. In order to see how the magnitude of the forces 
depends on the different locomotion types a table has been assembled with 
the type of activities and the peak patellofemoral compression forces  
(Table 2.1). 
AUTHOR ACTIVITY FLEXION ANGLE Fpf /BW 
Bresler and Frankel [2.6] Level walking 20° 1.2 
Reilly and Martens [2.7] Level walking 10° 0.5 
Morra and Greenwald [2.8] Walking gait 15° 0.6 
Nisell [2.9]  Lifting (12.8 kg) 90° 2.2 
Ericson and Nisell [2.10] Cycling 83° 1.3 
Reilly and Martens [2.7] Stair walking 55° 3.3 
Andriacchi et al. [2.11] Stair ascent/descent 60-65° 2.1-5.7 
Morra and Greenwald [2.8] Stair ascent 45° 2.5 
Smidt [2.12] Isometric contraction 75° 2.6 
Kelley et al. [2.13]  Rising from a chair 90° 5.5 
Ellis et al. [2.14] Rising from a chair 120° 3.1 
Morra and Greenwald [2.8] Rising from a chair 90° 2.8 
Huberti and Hayes [2.15] Isometric extension 90° 6.5 
Nisell [2.9] Isometric extension 90° 9.7 
Kaufman et al. [2.16] Isokinetic exercise 70° 5.1 
Reilly and Martens [2.7] Squatting 130° 7.6 
Dahlqvist et al. [2.17]  Ascending/descending 
from squat 
140° 6-7.6 
Winter [2.18] Jogging 50° 7.7 
Wahrenberg et al. [2.19] Kicking 100° 7.8 
Smith et al. [2.20] Jumping - 20 




Zernicke et al. [2.21] Patellar tendon rupture 90° 25 
Table 2.1. Patellofemoral force (Fpf) divided by body weight (BW) in case of different 
movements 
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As we look at the table, the patellofemoral values start from 0.5 of the body 
weight (BW) in case of level walking, and end around 25 BW, in case of the 
patellar tendon rupture-test. Obviously, everyday life does not involve 
rupture tests, but it does movements like walking, running, jogging, 
squatting, or jumping. 
Let us analyse the above-mentioned table. During walking, the peak 
patellofemoral force varies between 0.5 and 1.2 BW combined with fairly low 
flexion angle. Stair ascend and descent, alongside with arising from a chair 
give forth higher forces, typically between 2.8 and 5.7 BW, with relative high 
flexion angle domain (between 65° and 120° of flexion angle).  
According to the literature, squatting movement brings forth forces, which 
are 6 to 7.6 times higher than the body weight, combined with a high flexion 
angle. Only Nisel [2.9] reported higher patellofemoral forces under isometric 
extension (approximately 9.7 times BW) than under squatting. 
Considering the fact that squatting induces almost the greatest forces in the 
knee joint, beside the jogging and kicking, and the peak forces appear in the 
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2.1. Mathematical, phenomenological models 
These models mainly aim to understand the dynamic-mechanical  
(load-displacement) response of the knee joint under external forces as 
inputs. In addition, they also enable to study the effect of the ligaments, both 
normal and injured, under the movement of the knee joint and the effect of 
the inaccurate condyle positioning.  
In order to contribute to the above-mentioned objectives, Andriacchi et al. 
[2.22] and Crowninshield et al. [2.23] created quasi-static, analytical 
phenomenological models with the purpose to reveal the overall stiffness of 
the joint as a function of flexion angle. Their models consisted of a collection 
of spring elements interconnecting with the rigid body representations of the 
femur and tibia (Figure 2.1). 
 
Figure 2.1. Three-dimensional model of Andriacchi et al. [2.22] 
Soon after this model, Wisman et al. [2.24] introduced a three-dimensional 
model of the knee joint, where they considered three important parameters:  
1. the geometry of the joint surface, 
2. the material properties of the ligaments (anterior, posterior, lateral, 
medial), 
3. the material properties of the patellar tendon.  
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Figure 2.2. Three-dimensional model of Wisman et al. [2.24] 
The surfaces were approximated with polynomial functions, while the 
ligaments and the knee capsule were represented by multiple non-linear 
springs (Figure 2.2). Compared to the earlier studies [2.22, 2.23], the model of 
Wisman et al. [2.24] was more complex by means of having less restrain in 
the kinematical boundary conditions. 
The investigation of the flexion-extension movement in these studies was 
done by prescribing these flexion-extension angles. The ligament forces and 
the other dependent values were determined from the geometric 
compatibility- and equilibrium equations.  
In case of non-linear problems of this kind, there can be more than one 
equilibrium configuration for a prescribed flexion-extension angle, unless it 
is counterbalanced with a force. For example, if we are interested of the 
contact point, force etc. at 15˚ of flexion angle, than to keep the stability of the 
above-mentioned non-linear equations and to gain solution, an additional 
member has to complement the mathematical system. The physical meaning 
of this additional member is a force. 
According to Wisman et al. [2.24], it is necessary to apply an external force 
for the preferred equilibrium configuration.  
Due to these restrictions in the quasi-static modelling, Manssour et al. [2.25] 
proposed a solution by creating a so-called biodynamic model (Figure 2.3).  
By their model, the artificial restrictions of the quasi-static state could be 
elaborated alongside with the necessity to specify the preferred configuration 
if the dynamics of the problem is incorporated into the model. 
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Figure 2.3. Two-dimensional dynamic model of Manssour et al. [2.25] 
Naturally, this work contains simplifications as well, for example:  
a) The model is two-dimensional, 
b) Only ligaments in the sagittal plane can be investigated, 
c) The femur is fixed, thus the tibia carries out relative movement 
compared to it, 
d) Friction between the femoral and tibial surfaces is ignored, since the 
coefficient of friction due to the synovial fluid is very low [2.26]. 
These studies offered a wide range of investigations related to the contact 
point of the femur and tibia, mechanism of the ligaments, including the 
determination of the material properties, or the stability questions of the knee 
joint.  
As a short overview of the above-mentioned models, the authors  
[2.22, 2.23, 2.24, 2.25] presented the following findings: 
I. The authors provided numerical solution about the contact position 
of the femur and the tibia. 
II. The authors provided numerical results how the knee, as a system, 
responds to dynamically applied loads, e.g. ligaments force-trend in 
case of a pulse loads.  
III. The authors provided numerical results about the initial strain in 
the ligaments and their elongation during the movement. 
IV. These models can provide information about the boundary 
conditions or parameters of numerical models such as the spring- 
and damping constant of the ligaments and menisci.  
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2.2. Mathematical, anatomical models 
The basic analytical investigation of the knee forces can be dated to the work 
of Smidt [2.12], who combined his mathematical approach with X-ray images 
and a force platform in order to locate the axis of instantaneous rotation, the 
moment arm of the extensor mechanism and the maximum averaged torque 
in the knee joint. The data acquisition was carried out by taking several 
lateral X-ray images and measuring the torque generated by the extensors 
and flexors of the knee. 
During the experiments, the subject was side lying, approximately in the 
same position as the X-ray images were taken (Figure 2.4), so the influence of 
gravity was eliminated. The movement during the experiments was carried 
out up to 90˚ of flexion angle, with the constant radial velocity of 13˚ per 
second.   
  
Figure 2.4. Mathematical model and the measurement setup by Smidt [2.12] 
Regarding the mathematical modelling, a concurrent force system was 
assumed: the lines of action of the forces coincide at a common point, 
otherwise patellar movement would occur. The magnitude of the patellar 
tendon force and the quadriceps tendon force were considered equal. The 
forces were derived using simple equilibrium equations (six equations). The 
author [2.12] published the following results: 
I. The change of the patellar tendon (Dpl) moment arm and the 
hamstrings moment arm (Dh) as a function of flexion angle 
(Figure 2.5), 
II. The change of the torque in the knee joint (Textension = Fre· Dr or Tflexion 
= Frh· Dr) as a function of flexion angle (Figure 2.6), 
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III. The change of the patellofemoral (Fpf) and tibiofemoral forces (Ftf) as 
a function of flexion angle. They were measured from the center of 
rotation (Figure 2.7 and Figure 2.8), 
IV. An explanation and calculation of the instantaneous centre of 
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Figure 2.6. Torque during extension by Smidt [2.12] 
Analytical-mechanical models of squat 
 







0 30 60 90
Flexion angle [˚]
Fp f  [N]
 










Figure 2.8. Tibiofemoral compression force by Smidt [2.12] 
The following remarks have to be mentioned related to Smidt’s study [2.12]: 
- The author supposed that the force in the patellar tendon and in the 
quadriceps is equal. This assumption is invalid, which was confirmed 
by Denham and Bishop [2.27]. 
- The model requires to measure external forces (Fre and Frh in  
Figure 2.4) in order to calculate the above-mentioned forces.  
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With the use of radiographic and other experimental measurements, Denham 
and Bishop [2.27] composed an analytical-kinetical model to calculate the 
patellofemoral forces (Figure 2.9). The forces were derived using equilibrium 
equations (three equations). 
 
Figure 2.9. Denham and Bishop model [2.27] 
Through this study, the authors pointed out several, fundamentally 
important statements about the kinetics and kinematics of the knee joint: 
I. They demonstrated with simultaneous electromyograph tracings that 
in case of balanced equilibrium the extensor effect upon the knee is 
minorly affected by the actions of the hamstrings or the gastrocnemius 
(Figure 2.10). Major activity is seen only in the quadriceps and the 
soleus. Only the occasional burst of activity (which helps to maintain 
balance) is seen in these muscle groups, so their effect can be safely 
disregarded. 
 
Figure 2.10. Electromyograph recording about the acting muscles [2.27] 
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II. The patella can be isolated as a system, thus the equilibrium of the 
acting forces on it, such as the patellofemoral compression force (Fpf), 
the quadriceps tendon force (Fq) and the patellar tendon force (Fpt) can 
be examined. 
III. The authors introduced firstly the concept of force ratios (the 
patellofemoral forces always compared to the quadriceps force) in 
quasi-static state (Fpf/Fq, Fpt/Fq). 
IV. It it shown by this report [2.27] and by an earlier study [2.28] that the 
tension in the patellar tendon is not equal with the tension in the 
quadriceps tendon (Fpt ≠ Fq). This statement was widely held earlier 
due to the low friction between the patella and the femoral condyle. 
This result does not state that friction should be always neglected. 
V. The most important finding of the authors was that they revealed the 
major effect of the position of the centre of gravity on the kinetics of 
the patellofemoral forces (the centre of gravity in two positions is 
visible in Figure 2.11). According to the authors, leaning forward a few 
centimeters can halve the patellofemoral forces passing through the 
knee.  
 
Figure 2.11. The centre of gravity during movement [2.27] 
The following remarks have been made related to the study of Denham and 
Bishop [2.27]: 
- Although the authors appointed a very important parameter as a so far 
undiscussed topic, the moving centre of gravity, they did not 
investigate further this parameter and its accurate effect on the 
kinetics. 
- Their results are only available until 80˚ of flexion angle, but in some 
cases only until 30˚ of flexion angle. 
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Van Eijden et al. [2.29] introduced the most comprehensive kinematical-
kinetical study about the patellofemoral knee joint of that period. In their 
model, they only considered the movements and the forces in the sagittal 
plane (Figure 2.12). 
 
Figure 2.12. Patellofemoral model of Van Eijden et al. [2.29] 
Van Eijden et al. [2.29] had two main goals with their model: 
1. From the kinematic point of view, to enable the calculation of the 
relative contact location between the patella and the femur, 
2. From the kinetic point of view, to calculate the Fpf /Fq and Fpt /Fq 
ratios as a function of flexion angle. 
The model includes some simplifications as follows: 
a) The femur, tibia and patella elements are considered rigid, 
b) The patellar tendon is assumed inextensible, while the quadriceps 
tendon is represented as a string with variable length, 
c) Due to the two-dimensional nature of the model, the condyles are 
reduced to two-dimensional profiles, and the surfaces to points, 
d) Friction between the femoral and tibial surfaces is ignored, since the 
coefficient of friction due to the synovial fluid is very low [2.26]. 
Gravitational forces or other forces are not taken into account. 
The model presented by Van Eijden et al. [2.29] describes a set of non-linear 
equations (nine equations), which was solved by Newton-Raphson iteration 
process [2.30, 2.31].  
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The model can be applied primarily for static situations, and the transmission 
of the forces is realized by the followings: a force Fq exerted by the 
quadriceps tendon is counteracted by a force Fpt in the patellar tendon. The 
resultant force of these two forces is the Fpf, the patellofemoral compression 
force, which is the reaction force between the patella and the femur. 
The most important findings of the authors are the followings: 
I. The authors found the relationship of the angle between the patellar 
tendon axis and the tibial axis (β) as a function of flexion angle 
(Figure 2.14). 
II. The authors found the relationship of the angle between the patellar 
tendon and the patellar axis (ρ) as a function of flexion angle  
(Figure 2.15). 
III. The authors found the relationship of the angle between the patellar 
axis and the femoral axis (ε) as a function of flexion angle (Figure 2.16). 
IV. The authors found the relationship of the angle between the 
quadriceps tendon and the femoral axis (ψ) as a function of flexion 
angle (Figure 2.17). 
V. The authors found the relationship of the angle between the 
quadriceps tendon and the patellar axis (ξ) as a function of flexion 
angle (Figure 2.18). 
VI. The authors provided the Fpt/Fq and Fpf/Fq ratios as a function of flexion 
angle (Figure 2.19 and Figure 2.20). 
The above-mentioned angles are represented on Figure 2.13. 
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Figure 2.14. Angle between patellar tendon and tibial axis (β) by Van Eijden et al. [2.29] 
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Figure 2.16. Angle between patellar axis and femoral axis (ε) by Van Eijden et al. [2.29] 
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Figure 2.18. Angle between quadriceps tendon and patellar axis (ξ) by Van Eijden et al. [2.29] 
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Figure 2.20. Fpf /Fq relationship by Van Eijden et al. [2.29] 
Van Eijden et al. [2.29] validated their results experimentally by involving ten 
cadaver knees into their investigations. The obtained results soon became 
widely accepted and often cited in the field of biomechanics, although some 
remarks have to be mentioned: 
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- The quadriceps force is arbitrarily chosen, and its nature is unknown 
during the movement. In this approach, the quadriceps force has only 
the function to impose the motion, but by doing so, no information can 
be gained about how the individual quadriceps force changes under 
the motion.  
- The model is described by non-linear equations, therefore the solution 
can only be found numerically and not analytically. 
As a conclusion, the model provides significant findings about the kinematics 
of the patellofemoral knee joint in the sagittal plane, such as the relationship 
between the main anatomical angles (β, δ, ε) and the flexion angle (α), sliding-
rolling (roll-slide in the article), and the basic relationship regarding the 
patellofemoral forces. 
However, the provided information was obtained under a special movement 
when the femur is fixed and the tibia carries out relative motion around it. 
This motion is equal to the open kinetic chain leg extension [2.32], when the 
leg is not loaded with the complete body weight but the weight of the lower 
leg. In addition, the relationship between the individual Fq, Fpf, Fpt and the 
BW, as a function of flexion angle, is unknown. 
It is also unknown, and not mentioned in the study, whether the kinetical 
results are valid for other kind of motions (squat, modified squat, rising from 
chair, etc)? 
Nisell et al. [2.9, 2.33] aimed to define a general, two-dimensional mechanical 
model of the knee joint in a way that the model is not limited to one 
particular situation. In their research, they carried out morphological 
investigation on cadavers combined with radiographic landmarks on healthy 
individuals (Figure 2.21). The patellar tendon is modelled as a rigid link and 
its length does not change as the patella moves along the femur. 
 
Figure 2.21. Model of Nisell et al. [2.33] 
Analytical-mechanical models of squat 
 
– 49 – 
 
 
According to the authors, the model can be used in case of isometric exercise 
against a resistance applied to the anterior side of the distal leg. 
The authors have given an analytical approach to calculate the forces, 
although some forces and moment arms (Fet, de) are not determined but 
arbitrarily taken. Altogether, ten algebraic equations were derived to 
investigate the kinetics and kinematics. 
By this model, it could be demonstrated that the precise determination of the 
contact point is sturdily important since 10 mm anterior movement would 
cause 22% of decrease in the patellar tendon force while the same amount of 
movement in the posterior direction would increase the same force by 40%. 
Since some parameters are arbitrarily chosen, the model only gives an 
approximation how the sensitivity of the output parameters depends on 
these input parameters. However, the obtained forces hold some uncertainty 
due to the random values. 
As a summary, the authors published the following findings related to the 
knee joint: 
I. Rolling appears beyond 30° of flexion angle as well. The sliding-rolling 
motion as a factor is not sufficiently considered in the design and in 
the current research. 
II. 10 mm of anterior or posterior movement of the contact point (C) can 
increase the magnitude of the forces by 20-40%. 
III. The β function (angle between the patellar tendon and the tibial axis) 
intersects the zero line at about 100° of flexion angle (Figure 2.22). 
IV. The authors determined actual moment arms for the patellar tendon 
with regard to male and female subjects (Figure 2.23). 
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Figure 2.23. Actual patellar tendon moment arm by Nisell et al. [2.33] 
In their study, Nisell et al. [2.9, 2.33] only dealt with the question of patellar 
tendon moment arm by comparing their results to other earlier results  
[2.12, 2.34, 2.35, 2.36] with fairly good agreement.  
Regarding the study of Nisell et al. [2.9, 2.33], a few remarks have to be 
mentioned: 
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- In their study, they only investigated the kinetics (load moment of the 
knee) in case of two very specific motions, namely: firstly, machine 
milking operation, when the operator has to lean forward his/her 
trunk with bent knee to carry out the milking process and secondly, 
lifting a 12.8 kg box with bent knees. 
- The kinetic equations related to the Fpt/Fq and Fpf/Fq relationships are 
derived from a simple knee extension where the Fq is considered as a 
known external force, although during activity the Fq force changes as 
well. 
- Several angles and moment arms, which may depend on the flexion 
angle (δ1-2-3, ω, ψ, dm, etc.), are referred to, but not found in the articles 
as diagrams or equations. The calculation method is not clear or 
possible without these parameters. 
In case of this certain model, the authors gave an explanation how the figure 
could be used to calculate the force ratios, but analytical calculation itself 
cannot be executed due to the above mentioned missing parameter values.  
Yamaguchi and Zajac [2.37] similarly to Van Eijden et al. [2.29] created a two-
dimensional, mathematical-mechanical model to determine both the moment 
arms of the quadriceps- and the patellar tendon and to investigate the 
influence of the patella on the knee joint.  
It is known, that the moment arms depend on the position of the contact 
point(s) between the connecting condyles. Since the contact points are 
constantly on the move, the determination of the instantaneous position is 
quite challenging.  
To answer the second aim, related to the influence of the patella on the knee 
joint, it was already considered that the patella behaves as a spacer and a 
lever. The role as a spacer means that the patella forces the extensor muscles 
(Fq, Fpt) away from the center of rotation thus increasing their moment arms 
[2.38], while the lever role means that the patella can alter the magnitude and 
the direction of the forces [2.35].  
Likewise, in the earlier models, the patellar tendon is modelled as a rigid link 
and its length does not change as the patella moves along the femur. Grood 
et al. [2.39] defined a so-called effective moment arm, which expresses the 
extensor moment arm in terms of the quadriceps force. Simply said, the 
effective moment arm is the product of the actual moment arm and the ratio 
of the patellar tendon force and the quadriceps force. 
Results related to the effective moment arms are, however, not in every way 
in agreement.  
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The result of Grood et al. [2.39] reported peak sharply between 20-30° of 
flexion angle, more or less the same what other authors’ published  
[2.12, 2.36], although at large flexion angles the moment arm was found small 
compared to the results of other authors [2.12, 2.36].  
Yamaguchi and Zajac [2.37] wanted to answer two additional questions 
regarding the kinetics of the knee joint:  
1. How does the direction of the quadriceps force influence the effective 
moment arm of the patellar tendon, and the quadriceps tendon? 
2. How significant is this influence, compared to the levering action of 
the patella? 
The patella was modelled as a rectangular rigid body. Both femur and tibia 
were assumed to be rigid as well. Their model was also created in the sagittal 
plane with the following concern: the patella has to fulfill the role of a spacer 
and a lever (Figure 2.24). 
  
Figure 2.24. Model by Yamaguchi and Zajac [2.37] 
Similar to the model of Van Eijden et al. [2.29], a numerical iteration was 
carried out from 0° to 90° of flexion angle. The increment was set to 1° per 
step, and the friction was ignored similar to the earlier authors  
[2.9, 2.27, 2.29]. 
In their model, Fq represents the applied arbitrary force, while the magnitude 
of Fpf and Fpt are unknown (patellofemoral compression- and patellar tendon 
force). θp, β, are to be calculated or used from other source as a function of 
flexion angle (α).  
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Since the direction of the applied quadriceps force (θq) and the orientation of 
the femur with respect to the fixed tibia are also prescribed functions of the 
flexion angle, only α remains the single independent parameter describing 
the joint (Figure 2.24). The following equations (Eq. (2.1) and Eq. (2.2)) have 







































After the iteration, the forces are available. The moment equilibrium requires 
that: 
qqptpt MFMF ⋅=⋅  (2.2) 
where Mpt and Mq are the moment arms of the patellar tendon force and the 
quadriceps tendon force about the contact point. 
The actual moment arm (denoted as Mact), is the perpendicular distance 
between the patellar tendon force and the contact point, and it  can be 










The estimated actual and effective moment arm showed good correlation 
with the result of Nisell et al. [2.33] and Grood et al. [2.39] (Figure 2.25 and 
Figure 2.26). The results of Yamaguchi and Zajac [2.37] can be summarized as 
follows: 
I. Their results confirmed that the levering action of the patella is at least 
as important as its spacer function. 
II. The thickness of the patella has only minor effect on the extensor 
moment arm under 35° of flexion angle, while above that angle, it does 
not change the effective moment arm.  
III. The length of the patellar tendon has major effect on the patellar axis 
orientation (denoted as θp by Yamaguchi and Zajac [2.37]), the Fpf/Fq 
and Fpt/Fq relationships, and on the effective moment arm. 
IV. The orientation of the quadriceps force affects only minorly the 
effective moment arm at high flexion angle. 
V. The authors results agreed with result of Van Eijden et al. [2.29] related 
to the Fpf/Fq and Fpt/Fq relationships. 
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Figure 2.26. Effective patellar tendon moment arm by Yamaguchi and Zajac [2.37] 
After the results, let us point out some important remarks related to the 
model of Yamaguchi and Zajac [2.37]: 
- Similar to the model of Van Eijden et al. [2.29], the model of 
Yamaguchi and Zajac [2.37] can only be solved numerically. 
- Similar to the model of Van Eijden et al. [2.29] or Nisell et al. [2.9, 2.33] 
the Fpt/Fq and Fpf/Fq relationships are derived from a simple knee 
extension, where Fq is considered as a given external force. 
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Although their results agree well, they also cannot provide individual force 
calculation. 
Reithmeier and Plitz [2.40] envisaged the effect of the patellar height due to 
the postoperative problems of patellar replacement. In their earlier studies 
[2.41, 2.42], they performed tests on 40 knee prostheses and found heavily 
damaged prosthetic surfaces. Their mathematical model is based on a 
parameter study, which describes how the contact forces change as a 
function of the patellar height (Figure 2.27). 
To formulate their model, they assumed the following simplifications: 
a) The bones are considered as rigid bodies, 
b) The patellar tendon and the quadriceps tendon are inextensible, 
c) Since the prosthesis is symmetrical, the model is two-dimensional, 
d) Similarly to the model of Van Eijden et al. [2.29], point contact is 
considered between the condyles, 
e) Friction force between the surfaces is not considered. 
 
Figure 2.27. Model by Reithmeier and Plitz [2.40] 
The points of attachment for the patellar tendon and the quadriceps tendon 
were determined from X-ray images. After deriving and solving the non-
linear equation system, which includes seven equations, the authors 




Analytical-mechanical models of squat 
 
– 56 – 
 
 
I. The authors verified and demonstrated their hypothesis about the 
significance of the patellar height on the patellofemoral forces. 
II. In Figure 2.28 and Figure 2.29, it becomes apparent how the 
patellofemoral force versus quadriceps force and the patellofemoral 
forces versus patellar tendon force change as a function of flexion 
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Figure 2.29. Fpf /Fpt as a function of flexion angle and patellar height [2.40] 
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Naturally, some remarks have to be added to the summary of the model: 
- The model is very similar to the model of Van Eijden et al. [2.29], 
although it can only calculate the force ratios. No other relevant 
kinematic quantities (anatomical angles) can be determined. 
- The model is mathematical, but no closed form solution can be 
obtained, only approximation through iterative methods. This makes 
the implementation of quick calculations inaccessible. 
In the framework of the analytical-mechanical models, except some of the 
stiffness models, no one modelled the knee joint in three-dimension, due to 
several cumbersome factors.  
Hirokawa [2.43] made the first substantial step by creating the first three-
dimensional mathematical-mechanical model (Figure 2.30), which included 
the articular surface geometry and the mechanical properties of the 
ligaments.  
 
Figure 2.30. Three-dimensional model by Hirokawa [2.43] 
Although Wisman et al. [2.24] has already published a three-dimensional 
model, but in their model, the articular shapes were approximated with 
polynomials that are not able to express precisely the entire patellofemoral 
surfaces including the patellar mid-ridge and the femoral mid-groove. 
The aims of Hirokawa’s study [2.43] were to describe the three-dimensional 
patellar motion and to calculate the patellofemoral compression force 
alongside with the patellar tendon force as a function of flexion angle. Since 
he applied the Hertzian elastic theory, the contact stresses could be estimated 
as well.  
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During the assembly of the model, the contact points of the quadriceps 
tendon and the patellar tendon were measured by using three cadaver knees. 
The four heads of the quadriceps muscle were modelled by two lines, which 
followed the direction of the vastus intermedius. Two points on the tibial 
tuberosity represented the attachment of the patellar tendon at the tibia. 
Hirokawa described his mathematical model by fourteen non-linear 
equations with fourteen unknown values. The force of the quadriceps muscle 
(Fq) was a fixed constant for the whole range of knee flexion. 
The following findings were derived from Hirokawa’s model [2.43]: 
I. The author’s results agreed with the results of Van Eijden et al. [2.29] 
and Yamaguchi and Zajac [2.37] related to the Fpf/Fq and Fpt/Fq 
relationships. 
II. The calculated contact stresses in the articular faces correspond very 
well with other author’s result [2.44]. 
III. The author gave a complete and well-based description about the 
three-dimensional patellar angles (rotation, twist and tilt) as it is seen 
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Figure 2.31. Patellar rotation by Hirokawa [2.43] 
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The following remarks should be addressed to Hirokawa’s model [2.43]: 
- Similar to the model of Van Eijden et al. [2.29], Yamaguchi and Zajac 
[2.37] or Reithmeier and Plitz [2.40], this mathematical model can only be 
solved numerically. 
- Similar to the model of Van Eijden et al. [2.29], Nisell et al. [2.9, 2.33] or 
Yamaguchi and Zajac [2.37] the Fpt/Fq and Fpf/Fq relationships are derived 
from a simple knee extension, where Fq is considered as a known external 
force. This model only enables us to calculate the very same type of 
motion what was earlier investigated, namely the femur is fixed and the 
tibia carries out a constrained motion. However, these results agree well. 
Hefzy and Yang [2.45] have also developed a three-dimensional, anatomical-
mathematical, patellofemoral joint model that determines how 
patellofemoral motions and patellofemoral contact forces change with the 
flexion angle (Figure 2.34). Furthermore, a unique two-point contact is 
assumed between the femur and tibia, on the medial and lateral sides. 
The model includes seventeen non-linear equations with seventeen 
unknowns. Similar to the other earlier mentioned models, the patellofemoral 
joint has been modelled as three rigid bodies. The femur was assumed fixed 
and the patella moved along it. In the analysis, the patellar tendon was 
assumed to be a rigid ligament which length remained constant during the 
motion. The length of the quadriceps tendon was allowed to change as the 
patella moved along the femur. However, the quadriceps tendon was not 
allowed to wrap around the femur. 
   
Figure 2.34. Model by Hefzy and Yang [2.45] 
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The major findings of Hefzy and Yang [2.45] can be summarized as follows: 
I. The authors’ results agreed less with the results of Van Eijden et al. 
[2.29] related to the Fpt/Fq relationship. 
II. The authors’ results agreed well with the results of Van Eijden et al. 
[2.29] related to the angle between the patellar tendon and the patellar 
axis as a function of flexion angle (Figure 2.35). 
III. The authors’ results agreed well with the results of Van Eijden et al. 
[2.29] related to the angle between the patellar axis and the femoral 
axis as a function of flexion angle (Figure 2.36). 
IV. The authors’ results agreed less with the results of Van Eijden et al. 
[2.29] related to the angle between the quadriceps tendon and the 
femoral axis as a function of flexion angle (Figure 2.37). 
V. The authors’ results agreed well with the results of Van Eijden et al. 
[2.29] related to the angle between the quadriceps tendon and the 
patellar axis as a function of flexion angle (Figure 2.38). 
VI. The authors introduced the contact points in transversal and frontal 
view of the condyles including the medial and lateral pathways as well 
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Figure 2.35. Angle between the patellar tendon and the patellar axis (ρ) [2.45] 
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Figure 2.37. Angle between the quadriceps tendon and the femoral axis (δ) [2.45] 
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Figure 2.38. Angle between the quadriceps tendon and the patellar axis (ξ) [2.45] 
 
Figure 2.39. Frontal and transversal view of the contact points [2.45] 
In case of the model of Hefzy and Yang [2.45] some remarks have to be 
mentioned as well related to their findings: 
- Similar to the model of Van Eijden et al. [2.29], Yamaguchi and Zajac 
[2.37] or other authors [2.40, 2.43], this mathematical model can only be 
solved numerically. 
- Although their model is three-dimensional, similarly to Hirokawa’s 
model [2.43], they calculated the parameters only to 72˚ of flexion 
angle. 
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- The calculated anatomical angles are mostly in agreement with the 
two-dimensional model of Van Eijden et al. [2.29], although it seems 
that the simpler model gives better prediction, and in addition, it 
provides solution up to 120˚ of flexion angle. 
- The kinetic calculation is not in agreement with the earlier authors 
[2.27, 2.29, 2.37, 2.43], even though the kinematic boundary conditions 
are the same. 
- The Q-angle has not been taken into account, even though the model is 
three-dimensional. 
After a few three-dimensional models, Gill and O’Connor [2.46] turned back 
to the two-dimensional modelling (Figure 2.40) due to the convincing studies 
of Singerman et al. [2.47] and Miller [2.48], who cogently emphasized the 
importance of the sagittal plane effects in the patellar mechanics.  
In the previous studies, related to the two-dimensional modelling, the 
authors considered contact between the patella and the trochlear groove, 
although the patella makes contact with the femoral condyles, proven by 
several authors [2.49, 2.50, 2.51], at large flexion angle.  
The authors stated that the patterns of wear and degeneration of the knee 
joint depended on both the kinematics and the kinetics of the knee joint. 
Their purpose was to relate the kinematics and kinetics of the patella to the 
geometry, the mechanics of the cruciate ligaments, and the tibiofemoral joint. 
Their model includes the median ridge and the lateral facets, allowing the 
modelling of the patellofemoral joint at high flexion angles. 
 
Figure 2.40. Model by Gill and O’Connor [2.46] 
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The authors made the following simplifications and assumptions: 
a) Cruciate ligaments from rigid bodies are pin-jointed to the bones, 
b) Patellar tendon is inextensible and pin-jointed to the patella and the 
tibial tubercle,  
c) Point contact occurs between patella and femur, 
d) Trochlea groove is circular, 
e) Patellofemoral and tibiofemoral joints are frictionless. This assumption 
is made on the basis of extremely low values of joint friction reported 
by several authors [2.26, 2.52] due to the effect of synovial fluid, 
f) The quadriceps tendon is parallel to the femoral axis until wrap occurs 
(87.5° of flexion angle), 
g) The quadriceps tendon and the patellar tendon are in tension,  
h) The three forces acting upon the patella, namely the quadriceps tendon 
force (Fq, in this article QT), the patellar tendon force (Fpt, in this article 
PT) and the patellofemoral compression force (Fpf, in this article PFCF) 
are coplanar and concurrent. 
Gill and O’Connor [2.46] published the following results in their study: 
I. The authors’ results lie within the area of the result of Van Eijden et al. 
[2.29] and Yamaguchi and Zajac [2.37] with regard to the geometric 
relationships and the Fpf/Fq, Fpt/Fq relationships. 
II. The authors’ result related to the patellar mechanism angle, which 
describes the wrapping trend of the femoral tendon, agrees well with 
the experimental data of Buff et al. [2.53] (Figure 2.41).  
III. The actual moment arm of the patellar tendon changes only slightly 
compared to the ones found in the literature (Figure 2.42). 
IV. The authors revealed that the length-height of the patella and the 
radius of the trochlear groove significantly alter the mechanics of the 
knee joint. 
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Figure 2.42. Actual moment arm of the patella [2.46] 
The following remarks have to be mentioned related to the model: 
− Similar to other authors [2.29, 2.37, 240, 2.43, 2.45], this mathematical 
model can only be solved numerically. 
− The model cannot predict the contact forces of the coronal plane. It has 
to be added that the according to Singerman et al. [2.48] the forces in 
that plane are relatively small. 
− The shape of the actual moment arm differs significantly compared to 
other authors’ results. 
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Mason et al. [2.54] published a comprehensive review about the 
patellofemoral joint forces, in which they combined the results and models of 
other authors in order to give a fully analytical approach for calculating the 
patellofemoral forces (Figure 2.43). They derived the patellofemoral forces 
from a so-called net knee moment. Net knee moment is a moment about the 
instantaneous center of rotation of the knee joint generated by the body 
weight. To derive the equations, they used the kinetic model of Cohen et al. 
[2.32].  
 
Figure 2.43. Free body diagram of squat movement by Mason et al. [2.54] 
The following simplifications were considered related to the model of Mason 
et al. [2.54]: 
a) The model is quasi-static, 
b) The model is two-dimensional, 
c) The inertial forces during the movement are neglected, 
d) No contact forces (Fs, FN) are considered, 
e) Only the standard squat is investigated with the model, 
f) The load is derived from the total weight of the person, 
g) The body weight vector (BW) can only move vertically, 
h) The femur and tibia are symmetrically positioned (their rotation 
during the movement is equivalent). 
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The model is based on the assumption, that under squatting movement the 
center of gravity does not change its line of action horizontally (the trunk 
does not lean forward of backward), consequently the net knee moment can 
be derived as a simple function of flexion angle. 
Let us follow the description of Mason et al. [2.54]. Note that l30 represents 
the length of the femur (in their actual calculations they considered it 0.45 m) 
while l10 represents the length of the tibia. The flexion angle is denoted as α. 
The moment arm is represented as d, while the body weight vector as BW 
(Figure 2.43): 
)2/sin()( 30 αα ⋅= ld  (2.4) 
)2/sin(5.0)(5.0)( 30 ααα ⋅⋅⋅=⋅⋅= lBWdBWM N  (2.5) 
The quadriceps tendon force (Fq) can be derived from the net knee moment 
(MN) and the effective moment arm (Leff) of the quadriceps tendon according 










F =  (2.6) 
Where, Leff can be found in Table 2.2. 
Several authors have investigated the ratio of the patellofemoral forces under 
extension and flexion exercises and obtained very similar results [2.27, 2.29, 
2.37, 2.43, 2.45, 2.46, 2.48]. These have been gathered and plotted in  
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Figure 2.44. Fpt / Fq relationship 
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Figure 2.45. Fpf / Fq relationship 
Since the obtained results are mostly in the range of the result of Van Eijden 
et al. [2.29], it is adequate to use further on their relationship regarding the 












=  (2.8) 
Where g(α) and k(α) are cubic approximate functions of the flexion angle and 
can be found in Table 2.2. 
 C1 C2 C3 C4 SD r2 SAMPLE p < 
g(α) [-] 1.102 -2.21E-3 -1.49E-4 1.14E-6 0.1 0.98 13 0.05 
k(α) [-] 0.486 1.32E-2 -1.15E-4 3.35E-7 0.1 0.98 13 0.05 
Leff(α) 
[mm] 
0.046 2.8E-4 -1.3E-5 8E-8 N/A 0.98 N/A N/A 
Table 2.2. Functions* of the mathematical model 
* The following equation is used: f(α) = C1 + C2· α + C3· α 2 + C4· α 3 
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The patellofemoral compression force (Fpf) can be expressed as a product of 
the quadriceps tendon force (Eq. (2.6)) and the patellofemoral compression 










qpf ⋅=⋅=  (2.9) 
Finally, the patellar tendon force (Fpt) can be derived by multiplying Eq. (2.7) 











qpt ⋅=⋅=  (2.10) 
The following major findings have been summarized from the study of 
Mason et al. [2.54] with regard to the patellofemoral forces under squatting 
movement: 
I. The authors successfully synthesized the results of the earlier authors 
related to the kinetics of the patellofemoral joint. 
II. The authors provided an easy and fully analytical approach to 
calculate individually the patellofemoral compression force (Fpf), the 
patellar tendon force (Fpt) and the quadriceps tendon force (Fq). 
Regarding the remarks, it has to be mentioned that: 
- The obtained results can only be used to investigate the standard 
squat, where the centre of gravity does not change its position 
horiznotally. 
The formulas (Eq. (2.7) and Eq. (2.8)) of the model of Van Eijden et al. [2.29] 
are widely used in the calculation of patellofemoral forces, even in the recent 
literature [2.54, 2.56]. However, the authors [2.29] only stated that their 
model is able to calculate the relative position of the patella, patellar tendon 
and the quadriceps tendon, the location of the patellofemoral contact point 
and the magnitude of the patellofemoral compression force and the force in 
the patellar ligament as a function of flexion angle, but not specifically under 
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2.3. Special modelling issue – Is the hinge-model 
applicable? 
Several important questions have to be considered regarding the analytical-
mechanical models of the knee joint. Most importantly, it has to be decided 
that to what extensions can the joint be simplified. 
Although there are many pros and contras regarding the two- or three-
dimensional models, the effect of the contact geometry itself was not 
investigated by the earlier mentioned authors. This question can lead us to 
consider whether a simple hinge or a more elaborated bone-shaped 
connection is adequate for the kinetical or kinematical investigations. 
Powers et al. [2.57] pointed out in their study that it has not been examined 
whether contact geometry should be considered or not in the modelling of 
the patellofemoral knee joint due to its possible influence on the contact 
forces. They investigated this significant question by means of in-vitro 
cadaveric setup and a computer model that did not consider the contact 
geometry of the patellofemoral joint (Figure 2.46). 
   
Figure 2.46. Experimental setup and computational model by Powers et al. [2.57] 
According to their results, the averaged patellofemoral joint reaction force 
(PFJRF), which is the resultant force of the knee joint, was estimated only a 
slightly higher than the measured (Figure 2.47).  
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Figure 2.47. Magnitude of the PFJRF by Powers et al. [2.57] 
The reported highest difference in the resultant force was 30 N, which 
contributes to only about 10% of error between experiment and simulation. It 
is quite convincing how the simulated resultant force correlates with the 
measured values, although some discrepancies have to be mentioned as well. 
The computational model has over- and underestimated the forces in the 
superior and lateral directions, however the study suggest that the accurate 
patellofemoral forces, regarding their magnitudes, can be obtained by using 
computer-based models that neglect joint contact geometry. 
Still connecting to the question of how the knee joint should be modelled, 
another study investigated how the different kind of prostheses, ergo, 
mechanical models, might alter the patellofemoral forces. 
Innocenti et al. [2.58] studied the contact forces of several total knee 
replacements during squatting by means of numerical models.  
Their sensitivity analysis examined the following total knee replacement 
types: fixed bearing posterior stabilized prosthesis, high flexion bearing 
guided motion prosthesis, mobile bearing prosthesis and a simple hinge 
prosthesis (Figure 2.48). 
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Figure 2.48. Total knee replacement models by Innocenti et al. [2.58] 
Their aim was to investigate the sensitivity of the patellofemoral and 
tibiofemoral contact forces with regard to patient-related anatomical factors. 
Beside their original aim, their results also let us see how the patellofemoral 
force changes if different, more and less complex prostheses are used under 
squatting movement (Figure 2.49).  
 
Figure 2.49. Histograms of patellofemoral contact forces by Innocenti et al. [2.58] 
If we look at Figure 2.49, at 60˚ of flexion angle, the patellofemoral forces 
have almost the same magnitude regarding all the four prostheses, while at 
90˚ of flexion angle the prostheses can be divided into two groups. 
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These groups are the fixed bearing types and the mobile bearing-simple 
hinge types. Although the hinge type is the simplest in the matter of 
kinematics, still it shows only slight difference regarding the kinetics 
compared to the mobile bearing type, and negotiable difference compared to 
the fixed bearing types. 
It is also important to consider how hinge-type modelling appears in the 
contemporary design as well. 
Earlier studies insisted that the total knee replacement design should take 
multiple instantaneous centers of rotation into account [2.59, 2.60]. This 
means that the femoral replacement has several, different radiuses  
(Figure 2.50), which meant to follow the geometry of the normal pathological 
knee. Opposite to this approach, the single-radius design (Figure 2.50) is 
based on the following theory: there is only one location for the flexion-
extension axis and that is fixed to the femur [2.61, 2.62]. 
Both of them have some advantages and disadvantages. 
On one hand, the single-radius design keeps the femur and tibia rotate 
around each other in a constant radius, similarly to a hinge, which results a 
simplified motion. On the other hand, it clearly reduces the patellofemoral 
force [2.62] and allows less change in the exerting force through the 
quadriceps during flexion and extension [2.63]. 
 
Figure 2.50. Multi- and single-radius design 
The multi-radius design leaves more freedom in the movement, therefore 
less patellar symptoms occur due to its more elaborated geometry [2.64]. 
Nevertheless, it also has a kinetic-related disadvantage: during flexion-
extension, the different radiuses cause greater shifts in the extensor, which 
might lead to temporary medio-lateral instability [2.65]. In details, this 
instability takes place when the knee motion reaches the transition between 
R1 and R2, thus momentarily the tension drops in the collateral ligaments, 
and this might result instability or patellar dislocation. 
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Due to the fixed radius attribute of the single-radius design, the tension is 
better maintained in the collateral ligaments, which provides more stability 
to this type of design. 
Among other global prosthetic developers, the Stryker® introduced a new 
type of prosthesis, the GetAroundKneeTM, where the single-radius design is 
applied (Figure 2.51) therefore the motion of the knee becomes very similar 
to the hinge-type model [2.66].  
 
Figure 2.51. GetAroundKneeTM during flexion motion 
One great advantage of this new type of prosthesis lies in the fact that the 
movement requires less knee moment to initiate the motion, and it restores 
the knee so-called circular motion [2.64, 2.65].  
After the reviewing the contemporary literature and the currently applied 
directions in total knee replacement design, it can be concluded that under 
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3. Conclusions about the early anatomical 
models 
After the comprehensive review of these models, general conclusions have to 
be drawn in order to create a new model that is able to answer questions that 
until now have not been dealt with.  
In order to establish this new model, let us look at the main modelling 
questions and make decisions towards the model creation with a brief 
explanation. 
1st QUESTION: Which human locomotion should be modelled? 
ANSWER: Considering three simple facts, it is adequate to choose the 
locomotion of squatting:  
a) According to the studies of Reilly et al. [2.7] and Dahlqvist et al. 
[2.17], the greatest magnitude of the patellofemoral forces (Fpf,  Fpt, Fq) 
appears during squatting motion, 
b) Squatting is an frequently (everyday) practiced movement, which 
also has clinical importance as being a rehabilitation exercise, 
c) From the mathematical point of view, the squatting movement 
provides more possibility to create a simpler but accurate analytical-
kinetical model. 
For these reasons, the chosen locomotion is the squat. 
2nd QUESTION: Should numerical or analytical model be used? 
ANSWER: Although most of the earlier published mathematical models are 
considered as analytical models, only the work of Denham and Bishop [2.27], 
Nisel et al. [2.33] and Mason et al. [2.54] provide closed-form analytical 
solutions regarding the patellofemoral forces. 
The rest of the mathematical models describe the phenomenon by non-linear 
equation systems that make the calculation clumsy. In addition, if a 
numerical model is used no closed form analytical correspondence can be 
created between the biomechanical factors such as patellar length-height, 
patellar tendon length or the anatomical angles. 
As a major aim of this thesis, an analytical-kinetical model will be created, thus the 
forces can be analytically derived from equilibrium equations. 
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3rd QUESTION: Should we consider static of dynamic model? 
ANSWER: A significant question in the biomechanical research whether the 
human locomotion should be modelled with static or dynamic models.  
The static-dynamic choice actually depends more on the locomotion. 
Regarding the running, it is adequate that the model is dynamic since the 
motion is carried out rapidly, thus significant inertial forces may arise. 
In contrary, squatting is rapid only in special cases. The clinical relevance of 
the squatting on the one hand is a lower-extremity strengthening exercise, 
while on the other hand a postoperative ACL rehabilitation program. A 
mention must be made that for patients with total knee arthroplasty, rapid 
squatting is contraindicated. 
For the sake of clarity, the following duration(s) can be credited to normal 
squat exercise: Innocenti et al. [2.58] reported 20 sec of descending time in 
their study from 0˚ to 120˚ of flexion angle, while Fukagawa et al. [2.67] 
discovered age-related correlation about deep squat kinematics. Their 
findings showed that the average normal deep squat duration situates 
between 3 and 6 sec as a function of age.  
Due to the slow motion, how generally the squat is carried out, the inertial 
forces can be safely disregarded. This fact was more comprehensively 
confirmed by the study of Krabbe et al. [2.68], who dealt thoroughly with the 
importance of the inertial forces of the lower extremity joints (hip, knee and 
ankle) during running. They stated that the inertial forces could be neglected, 
if the horizontal velocity of the subject is not more than 5 m/s. During 
squatting, no horizontal velocity can be interpreted, but the average vertical 
speed is much lower than 5 m/s. Based on this fact, we can conclude that the 
inertial effect on the patellofemoral forces under squat movement can be 
neglected as well. 
Consequently, a static squat model will be used. 
4th QUESTION: Should two- or three dimensional model be used? 
ANSWER: Two-dimensional modelling is widely accepted and used in case 
of kinetic investigation, since the forces have their major effect in the sagittal 
plane and minor effect in the coronal plane [2.47, 2.48].  
Furthermore, the change of the force-transmission can be explained as 
follows: the patellofemoral forces directly depend on the distance between 
the line of body weight (the centre of gravity line) and the instantaneous 
point of rotation of the patellofemoral joint [2.69]. 
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Figure 2.52. The patellofemoral forces and centre of gravity [2.69] 
If the posture changes (e.g. leaning forward or backward), then this distance 
alters as well which leads to substantial changes in the force transmission. In 
the coronal plane this influence is negligible (Figure 2.52). 
Naturally, a three-dimensional model has the advantage that it is more 
similar to the real human knee joint. Nevertheless, according to the models in 
the literature [2.24, 2.43, 2.45], they are also more difficult to handle. As for 
the modelling point of view, regarding the patellofemoral and tibiofemoral 
forces, a two-dimensional model can also provide accurate results with the 
advantage of easy handling. 
Thus, the new analytical-kinetical model is consequently two-dimensional. 
5th QUESTION: Should the geometry of the contact be considered? 
ANSWER: The analytical-kinetical model is meant to examine only the 
patellofemoral and tibiofemoral kinetics. The studies of Powers et al. [2.57], 
Innocenti et al. [2.58] and some practical applications regarding prostheses 
(GetAroundKneeTM) suggest that a simple connection such as the hinge is 
applicable and satisfactory, if only the kinetics is considered.  
Therefore, the connection between the femur and tibia is represented with a hinge in 
the new analytical-kinetical model. 
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6th QUESTION: What muscles should be taken account and what can be 
disregarded? 
ANSWER: The roll of the quadriceps tendon and the patellar tendon are 
indispensable, but ultimately what other ligaments and tendons can be 
neglected? 
In the study of Denham and Bishop [2.27], it was well demonstrated with 
simultaneous electromyograph tracings that in case of balanced equilibrium, 
the extensor effect upon the knee is minorly affected by actions in the 
hamstrings or in the gastrocnemius muscles (Figure 2.10). 
Major activity was only reported in the quadriceps and in the soleus, while 
only occasional burst of activity, which helps to maintain balance, was 
noticed in the other muscle groups. Therefore their effects can be safely 
disregarded. 
The roll of the anterior and posterior crucial ligaments (ACL and PCL) is 
neglected in the modelling, since these ligaments are more responsible for 
keeping the stability, rather than force transmission.  
According to the above-mentioned facts, only the quadriceps tendon and the patellar 
tendon are considered in the new analytical-kinetical model. 
7th QUESTION: Should rigid of flexible bodies be used in the modelling? 
ANSWER: Among other aims, the goal of this thesis is to provide an easy, 
preferably completely analytical way to calculate the change of the patello- 
and tibiofemoral forces in the knee joint under squatting movement.  
Firstly, disregarding the deformation of the bones considerably simplifies the 
calculation while only associates a moderate error to it, and secondly, it is a 
commonly applied simplification which was demonstrated by the earlier 
presented models from the literature review. 
In the new analytical-kinetical model, the bodies are considered rigid. 
8th QUESTION: Should force ratios or individual forces be used? 
ANSWER: In the studies of Denham and Bishop [2.27], Van Eijden et al. 
[2.29], Yamaguchi and Zajac [2.37], Hefzy and Yang [2.45] or Gill and 
O’Connor [2.46] only the ratio of the patellofemoral forces can be obtained in 
a way that the quadriceps force is always assumed as a constant known 
force. 
To all intents and purposes, these models neglect the fact that the quadriceps 
force changes during the motion and the change could be derived 
analytically.  
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In spite of the common assumption, another major aim of the new analytical-kinetical 
model is to derive the patello- and tibiofemoral forces individually, thus the change 
could be monitored and further studied.  
9th QUESTION: Should the moving centre of gravity be implemented into 
the model? 
ANSWER: The movement of the centre of gravity is a known phenomenon 
although it has been very slightly investigated how it alters the forces in the 
knee joint.  
Firstly, it was shortly discussed by Perry et al. [2.70] that according to clinical 
experiences by locking the hip bone and leaning forward, practically moving 
the centre of gravity towards the knee, the amount of quadriceps force 
needed to stabilize the posture will be decreased. Therefore, the knee flexion 
can be carried out easier, which in indicated for patients with paresis. 
Although it was an appreciation of necessity, the question was not further 
analyzed. 
Denham and Bishop [2.27] recognized that the position of the centre of 
gravity has the most significant effect on the patellofemoral forces. By taking 
radiographs of the knee joint, they measured the extensor moment arms and 
the position of the centre of gravity in an arbitrary posture. According to 
their studies, finding the accurate position of the centre of gravity line is 
based on the following consideration [2.27]:  
− If equilibrium is established, the centre of gravity line passes through 
the feet, 
− The smaller the area of contact with the ground, the greater is the 
accuracy with which the line of body weight can be located. 
The authors included this shifted centre of gravity into their model, but only 
in one certain position without investigating how the centre of gravity 
function changes during the squat as a function of flexion angle. They 
suspected that leaning forward a couple of centimetres could halve the 
patellofemoral forces, although they did not prove this hypothesis.  
Amis and Farahmand [2.71] also posed a similar question related to the knee 
extensor mechanism in the sagittal plane by assuming a length between the 
centre of rotation of the knee joint and the centre of gravity line.  
Likewise the earlier authors, they did not propose a solution or expand the 
question. 
After a long period, Schindler and Scott [2.69] brought the importance of the 
moving centre of gravity related to the patellofemoral forces to the surface in 
their comprehensive study.  
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They gave numerous examples (squat, gait or stair descent and ascent) where 
the role of the moving centre of gravity is incontrovertible (Figure 2.53).   
 
Figure 2.53. Movement of the centre of gravity during stair descent and ascent [2.68] 
While Schindler et al. [2.69] only discussed the possibilities and the 
importance of the moving center of gravity, Farrokhi et al. [2.72] carried out 
kinetic and kinematic analysis under forward lunge exercise based on surface 
electromyographic (EMG) data involving the effect of the trunk movement.  
At last but not least, the most comprehensive and current study is originated 
to Kulas et al. [2.73] who investigated how minimal and moderate forward 
trunk movement affects the anterior cruciate ligaments together with the 
quadriceps and hamstring muscle forces by means of inverse dynamics. 
Their findings clearly pointed out that the forward trunk movement 
effectively reduces the force in the anterior cruciate ligaments, but also that 
only a few authors have explored or dealt with the influence of trunk 
position and/or trunk load on knee biomechanics [2.74]. 
By summarizing the above-mentioned studies, it becomes apparent that the 
role of the moving centre of gravity has not been described and implemented 
into any numerical or analytical-kinetical model. It has to be also clarified, 
that the movement of the center of gravity significantly alters the 
patellofemoral forces: hypothetically, it reduces them.  
Due to the currently unknown effect of the horizontally moving center of gravity on 
the patellofemoral forces, this phenomenon, as a novel factor, will be implemented 
into the new analytical-kinetical model.  
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In order to give an interdisciplinary answer to all the above-mentioned 
questions, a new two-dimensional analytical-kinetical model is presented. 
This model is able to investigate forces in the knee joint such as: quadriceps 
force (Fq), patellar ligament force (Fpt), patellofemoral compression force (Fpf) 
and the tibiofemoral compression force (Ftf) as a function of the flexion angle, 
relative to the body weight (BW).  
The horizontally moving center of gravity – the trunk motion effect – is also 
incorporated into the model.  
The examined motion regarding this part of the thesis is the standard and 
non-standard squat. The reason why this specific movement has been chosen 
for investigation is based on its clinical importance, the good modelling 
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4. New mathematical-kinetical model 
4.1. Introduction 
The results of Van Eijden et al. [2.29] regarding the particular kinetics of a 
fixed femur and a sliding-rolling patella (Eq. (2.7) and (Eq. (2.8)) are widely 
cited and applied, however, the motion that Van Eijden et al. [2.29] modelled 
is not kinematically equivalent with squatting. One the on hand, they 
initiated the movement by applying a given Fq force and on the other hand, 
the femur was fixed. In contrary, under squatting movement both the femur 
and the tibia rotate about the knee joint (Figure 2.54). 
 
Figure 2.54. Knee movement by Van Eijden et al. [2.29] (left) and squatting (right) 
It has to be mentioned that the Fq force (50 N) is arbitrarily chosen by the 
authors [2.29], although Fq itself also depends on the position of the knee 
joint. The novelty of the present model, compared to the model of Van Eijden 
et al. [2.29] or Mason et al. [2.54], is based on two considerations: 
1. Firstly, the incorporation of the movement of the trunk, which 
appears in this model as a horizontal movement of the center of 
gravity, 
2. Secondly, the movement of the femur and tibia relative to each other 
are not constrained (none of them are fixed but can freely rotate 
during the squat). 
As demonstrated in the model of Mason et al. [2.54], the net knee moment 
directly depends on the position of the body weight vector, which has the 
same line of action as the center of gravity.  
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If the center of gravity moves towards the knee, namely the d moment arm 
decreases, then the net knee moment decreases as well. Due to this 
phenomenon, the magnitude of the patellofemoral forces decreases  
[2.27, 2.69]. Since none of the earlier models [2.27, 2.29, 2.32, 2.33, 2.37, 2.40, 
2.43, 2.45, 2.46, 2.54] considered the forward trunk motion, no accurate 
results are available about its effect on the patello- and tibiofemoral forces.  
To reveal and analyze their effect, these additional attributes will be 
implemented into the new analytical-kinetical model. 
 
4.2. Limitations and advancements 
Some of the simplifications are similar compared to the model of Mason et al. 
[2.54] while several other factors (anatomical angles, etc.) are also considered: 
a) The model is quasi-static, 
b) The femur, tibia and patellar are considered as rigid bodies, 
c) The patellar tendon and the quadriceps tendon are inextensible, 
d) The line of action of the quadriceps is parallel with the femoral axis, 
e) The model is two-dimensional, 
f) The forces are only investigated in the sagittal plane, 
g) No contact forces (Fs, FN) between the surfaces are considered, 
h) The connection between the femur and tibia is described with a hinge 
with one degree of freedom (no instantaneous center of rotation is 
considered), 
i) The load is derived from the total bodyweight of the person. 
The new model is built to complement the earlier models, thus it holds 
several new features: 
1. Both standard and non-standard squatting movement can be 
investigated with this model, 
2. The body weight vector (BW) can move vertically and horizontally, 
3. The angle between the axis of tibia and the patellar tendon (β) is 
considered, 
4. The angle between the axis of tibia and the line of action of BW (γ) is 
considered, 
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5. The angle between the axis of femur and the line of action of BW 
(δ = α – γ) is considered, 
6. The angle between the axis of tibia and the tibiofemoral force vector 
(φ) is considered, 
7. The rotation of the femur and tibia are not synchronized, but 
independent of each other, 
8. The experimentally determined dimensionless moment arms of the 
quadriceps force (λf) patellar tendon force (λp) and tibiofemoral force 
(λt) are taken into account. 
9. The patellofemoral compression force (Fpf), the patellar tendon force 
(Fpt), the quadriceps force (Fq) and the tibiofemoral force (Ftf) can be 
derived analytically in a closed form. 
The clinical relevance of this analytical-kinetical model lies in the multiple 
factors that are considered. By the analytical formulas, the effect of each 
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4.3. Free-body diagram of the analytical-kinetical model 
Three interconnected bodies build up the analytical-kinetical model: femur, 
tibia and patella. The model consists of equilibrium equations, which 
describe the forces, connected to the femur, tibia and patella under squatting 
(Figure 2.55). 
 
Figure 2.55. Analytical-kinetical model with the geometric parameters 
Figure 2.55 shows an arbitrary knee position at angle α where the BW force is 
derived from the body weight.  
The patella is assumed to rotate about z-axis at point B and so does the tibia, 
similar to the model of Smidt [2.12], Denham and Bishop [2.27] or Mason et 
al. [2.54]. The line of action of BW intersects with the theoretical line of femur 
and tibia in point D and E. In order to keep the balance of the system, a 
stabilizer element has been incorporated into the model (Figure 2.55). 
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The stabilizer beam has the feature that its length can change during the 
movement, thus moment can be transmitted at the ankle. Mention must be 
made that the kinetics of the ankle is not considered in this thesis. 
Let the y component of the coordinate system be fixed to the line of action of 
BW, while the origin is at the ground in point A. The roller in point A can 
move along the feet in the x direction as the center of gravity changes its 
position. 
 
Figure 2.56. Human leg in three different positions 
Rigid linkages represent the femur (3), the patella (2), and the tibia with the 
foot (1). The tibia is connected to the foot by a hinge of one degree of freedom 
(point N, Figure 3.4). The line of action of the center of gravity intersects with 
the femur at point D and with the foot at point A. These points are not fixed, 
since the center of gravity carries out horizontal motion during the squat, 
thus the intersected points have different positions at each angle  
(Figure 2.56). 
At point D, a roller is applied which can move along the axis of femur, while 
another roller is applied at point A which can move along the axis of foot.  
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At point A, the ground reaction force is represented as F0 force, which equals 
to BW. Strings, representing the quadriceps and patellar tendons, attach the 
rigid bodies to each other. The elongation of these strings is neglected.  
 
Figure 2.57. Free-body diagram (a, b, c). 
The three elements are plotted as free-body diagrams, where the forces, 
angles, and the different lengths are shown in Figure 2.57 a-b-c. The specific 
geometric form of the patella is not considered in the present model. The 
relationship between the patella and the tendons are taken into account by 
dimensionless moment arms. The model includes several constants and 
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Length of tibia l10 
Length of femur l30 
Length of patellar tendon lp 
Moment arm between the axis of tibia and the tibial tuberosity lt 
Moment arm between the axis of femur and the line of action 
of the quadriceps force 
lf 
Angle between the axis of femur and the quadriceps force  ψ 
Table 2.3. Parameters of the analytical-kinetical model 
 
DESCRIPTION DENOTATION 
Intersected length of the axis of tibia and the instantaneous 
line of action of the BW 
l1 
Intersected length of the axis of femur and the instantaneous 
line of action of BW 
l3 
Angle between the axis of tibia and the patellar tendon β 
Angle between the axis of tibia and the line of action of BW γ 
Angle between the axis of femur and the line of action of BW δ 
Angle between the axis of tibia and the tibiofemoral force  φ 
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4.4. Mathematical description of the model 
The aim is to derive the Fq quadriceps force, the Fpf patellofemoral 
compression force, the Fpt patellar tendon force and the Ftf tibiofemoral 
compression force. The calculation is carried out by the use of static 
equilibrium equations as a function of flexion angle. 


























lBWF  (2.12) 
In order to simplify the results, dimensionless parameters are introduced 
(Table 2.5).  
DESCRIPTION FORMULA 
Dimensionless, intersected tibia length function ( ) 1011 /)( ll ααλ =  
Dimensionless, intersected femur length function ( ) 3033 /)( ll ααλ =  
Dimensionless length of patellar tendon 10/ llpp =λ  
Dimensionless thickness of shin 10/ lltt =λ  
Dimensionless thickness of thigh 30/ ll ff =λ  
Table 2.5. Dimensionless functions and constants 
The patello- and tibiofemoral forces will be calculated in a normalized form 
with respect to the force derived from the body weight (BW). Ideally, the 
forces are compared to the bodyweight [2.54] as an internationally accepted 
method to normalize forces [2.58, 2.75]. By the introduction of these 















The scalar equilibrium equations related to the ξ - η coordinate system (fixed 
to the tibia) are the followings (Figure 2.57-a):  
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)(cos)(cos)(cos0 αγαβαϕη ⋅+⋅+⋅−==∑ BWFFF pttfi  (2.14) 
)(sin)(sin)(sin0 αγαβαϕξ ⋅+⋅−⋅==∑ BWFFF pttfi  (2.15) 
First, Eq. (2.13) is substituted into Eq. (2.14) and Eq. (2.15), thus Fpt disappears 
from the equations. Second, Eq. (2.14) is set to Ftf, and then it is substituted 
into Eq. (2.15). 
By performing this substitution, Ftf vanishes from the equation as well. The 
substitution is followed by some additional simplification, and finally the 
angle between the axis of tibia and the tibiofemoral compression force of the 


























By the use of angle φ the tibiofemoral force can be derived from Eq. (2.14) or 

















The moment equilibrium equation applied about z-axis through point B on 














Taking into account that δ = α – γ, and assuming that ψ = 0, the quadriceps 











The ψ = 0 assumption means that the direction of the resultant acting forces 
in the quadriceps muscle are parallel to the axis of femur.  
Since the muscle is connected under the hip bone and stretches out until the 
frontal surface of the patella (facies patellaris) [1.22], this approximation is 
acceptable. Another mention must be made to clarify that this type of 
approximation – assuming the quadriceps force to be parallel with the 
femoral axis – is widely accepted and used in current researches.  
Luyckx et al. [2.76] investigated the effect of the patellar height by dynamic 
knee simulator with the assumption of neglecting the femoral ψ angle. 
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Similarly, Didden et al. [2.77] and Victor et al. [2.78] used knee simulators 
with the same simplification to study the effect of the tibial component 
positioning on the patellofemoral contact mechanics, and the influence of the 
muscle load on the tibiofemoral knee kinematics. All these and other authors 
widely use the hypothesis that the line of action of the quadriceps force and 
the femoral axis can be well approximated if they are considered parallel. 
The scalar equilibrium equations related to the patella in the x - y coordinate 
system (Figure 2.57-b): 
( )
xpfptqix FFFF ++⋅+⋅==∑ )()(sin)()(sin)(0 αβαγααδα  (2.20) 
( )
ypfptqiy FFFF ++⋅−⋅==∑ )()(cos)()(cos)(0 αβαγααδα  (2.21) 
From Eq. (2.20) and Eq. (2.21) the magnitude of the patellofemoral 
compression force can be derived by using x,y coordinates with respect to the 
















4.5. Remarks of the model 
Since all the forces are mathematically described by the use of the above-
mentioned equations, the patello- and tibiofemoral forces can be estimated in 
the knee joint during squatting. 
Nevertheless, the derived equations include multiple dimensionless 
functions and constants such as λ1(α), λ3(α), λp, λt, λf, β(α), γ(α), which are 
currently unknown.  
Without these parameters, the analytical-kinetical model cannot be solved 
and used, thus as another aim of this thesis, these certain parameters and 
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In Chapter 2, the new analytical-kinetical model of the non-standard squat 
has been fully described, but as it was mentioned, seven important factors 
and variables (λ1(α), λ3(α), λp, λt, λf, β(α) and γ(α)) are missing to solve the 
equations.  
Among the above mentioned functions, only β(α) function has been 
investigated and published earlier by several authors [2.29, 2.37, 2.46, 2.77], 
while the λ1(α), λ3(α) and γ(α) functions have not yet appeared in other models 
or publications. Thus, by all means, they have to be determined 
experimentally. Regarding the β(α) function, the authors were all in 
agreement. 
The dimensionless constants raise another issue. The length of the patellar 
tendon (lp) has already been investigated in multiple works [3.1, 3.2, 3.3]. The 
patellar length is constant in case of healthy knee but shortening appears 
after knee surgery in several cases starting from cruciate ligament 
reconstruction [3.4, 3.5] to knee arthroplasty [3.6, 3.7]. The mechanism of the 
patellar tendon shortening is currently unclear and it is considered to be 
multifactorial [3.7, 3.8, 3.9]. For this reason, the elongation of the tendon is 
not studied in this thesis, but it is considered constant throughout the 
investigations. 
Although the patellar tendon length is known, and varies between 4.6 cm 
and 6.1 cm [3.1], no authors have compared this length to the tibial length as 
a dimensionless patellar tendon length (Table 2.5). It is clearly possible to 
take a set of data from one author about the patellar length and from another 
author about the length of the tibia, then creating the dimensionless λp 
constant for the mathematical model, but it is a question how adequate or 
valid is using and mixing two different sets of data from different human 
subjects. Therefore, it is more realistic if the same lengths are measured on 
each subject, and then the dimensionless value of λp is created. 
The same problem stands for the two additional dimensionless parameters 
(λt, λf). The height of the tibial tuberosity (lt), which is measured from the 
tibial axis (or from the averaged tibial surface) has not been either compared 
to the tibial length, therefore this ratio can only be created by using two 
different data set from different authors. The perpendicular distance between 
the line of action of the quadriceps force and the femoral axis (lf) has the same 
problem.  
Due to the absence of these data (the lack of dimensionless form), an 
experimental study is required, where all these parameters can be measured 
on human subjects.  
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In order to place confidence in our measurements, the experimental results 
will be compared to the averaged results of other authors from different 
literatures as follows: if author A published results about lp and author B 
published results about l10, then from their results an averaged λpvalid can be 
created, which will be compared to the obtained experimental results. 
 
1.1. Aims of the experiment 
If the magnitude of the patellofemoral forces in the knee joint, or in the 
ligaments and tendons connected to the knee joint are to be predicted, the 
load case (how the center of gravity lines changes its position horizontally) 
must be known as well.  
The different type of human motor tasks indicates many types of load 
transmission throughout the knee joint. The load, derived from the 
bodyweight (BW), always intersects with the center of gravity, and during 
the locomotion is constantly moving. 
The path of the center of gravity is mostly investigated experimentally, in 
two-dimension [3.10] or three-dimension [3.11], as a function of gait cycles. 
Gait cycles can be measured as a function of walking speed [3.12], or in 
standing case, the path is given as a function of time [3.13].  
There are analytical methods to calculate the line of action of the center of 
gravity (or shortly the center of gravity line) of the human body by taking all 
body parts into account [1.8, 3.14]. In order to use these methods, 41 
anthropometric parameters have to be measured. On the one hand, multiple 
parameters make the calculation challenging, and on the other hand, 
specifying the accurate position of all body parts during e.g. squatting is also 
difficult. Obviously, the describing function of center of gravity depends on 
the motion carried out, thus in case of gait, running, squatting, etc. the 
function is altered. 
For the new analytical-kinetical model, three dimensionless parameters (λp, 
λt, λf), two anatomical angles (β(α), γ(α)) and the dimensionless center of 
gravity functions (λ1(α), λ3(α)) must be determined under non-standard 
squatting. These constants and functions come from Table 2.3 and Table 2.4, 
but beside the motivation to comply the analytical-kinetcal model with the 
necessary functions they are also meant to prove the following hypotheses:  
1. The horizontal movement of the center of gravity line changes its 
position during squatting, in contrary with other assumption [2.32]. 
2. The horizontal movement of the center of gravity line can be derived 
with empirical function during squatting. 
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1.2. Description of the experimental model 
In order to validate these hypotheses and gaining the necessary constants 
and functions for the analytical-kinetical model, an experiment has to be 
carried out. 
As a first step, the experiment has to be planned and measurable parameters 
must be appointed. Our experimental model creation begins with the 
following simplifications: 
a) The bones are considered as straight lines, 
b) The center of gravity line goes through the hip bone, the knee joint and 
the ankle in case of standing position (stance) [1.22], 
c) The model is quasi-static, the inertial forces are neglected during the 
movement, 
d) Since the analytical-kinetical model is two-dimensional, only the 
horizontal component (yc) of the center of gravity line is investigated 
during the movement (Figure 3.1), 
e) Only the bodyweight is considered (BW), which points downwards 
along the z-axis. 
 
Figure 3.1. Center of gravity line 
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In stance, the kinetic state of the body is quite simple, but if only the simplest 
kind of motion is considered, like the squatting with specific boundary 
conditions (stretched arms, heels kept down), the first problem occurs: the 
center of gravity changes its position. 
If the above-mentioned experimental model is created, where the bones are 
modelled as simple co-planar links, the forces can be determined by simple 
equilibrium equations as it is described by the analytical-kinetical model in 
Chapter 2. In order to solve the equations, the length of the bones have to be 
considered as known constants, and the solution of the equations will be the 
patello- and tibiofemoral forces, the force in the quadriceps tendon and the 
force in the patellar tendon as a function of the flexion.  
Nevertheless, the position of the center of gravity is known in the function of 
cycle, time, etc. during several types of motion [3.15, 3.16, 3.17], but not in 
some human-bound kinematic quantity such as the angle of flexion. Without 
the center of gravity line, the load cannot be described with the equilibrium 
equations in the analytical-kinetical model. 
Throughout the experiments, the phenomenon will be explained, and the 
obtained functions and constants will be presented. In the followings, the 
measurement setup will be shown with the applied theory, then the 
measurements, and in the last section, the experimental results are presented. 
 
2. Setup and experiment 
2.1. The measurement setup 
Since the investigation of any locomotion is very complex, it is better to 
divide the complete motion into phases [3.18], which means different 
positions, to model the whole phenomenon. Let us consider the lower frame 
of a human, where the limbs are simplified by two-dimensional linkages, and 
the joints are modelled as hinges with one degree of freedom (Figure 3.1). 
During squatting, the center of gravity line changes its position as the 
function of flexion angle, thus the magnitude of the load on the legs 
constantly changes. As long as a human person is balanced during squatting, 
the center of gravity line must intersect with his/her feet [1.22]. 
If the position of intersection can be measured at the feet at any arbitrary α 
angle in a defined coordinate system, then a straight line (representing the 
center of gravity) can be plotted on the frame through, and the intersections 
of femur and tibia (Figure 3.2) can be determined. 
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Figure 3.2. Geometrical lengths 
Let us denote the intersected parts as follows (Figure 3.2): 
MEASUREABLE PARAMETERS AND VARIABLES DENOTATION 
Intersected length of center of gravity line with tibia l1(α) 
Intersected length of center of gravity line with femur l3(α) 
Patellar tendon angle β(α) 
Angle between tibia and the center of gravity line γ(α) 
Perpendicular length between the tibial axis and tibial tuberosity lt 
Perpendicular length between the femoral axis and line action of 
the quadriceps force 
lf 
Length of the patellar tendon lp 
Length of tibia l10 
Length of femur l30 
Table 3.1. Parameters and variables 
These are the parameters and variables needed for the analytical-kinetical 
model (Table 3.1).  
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All of the parameters and variables (except β angle) are given in a 
dimensionless form in the description in Chapter 2, thus further on in the 
experiments, these values would be put in a dimensionless form as well. 
The aim of the experiment is to create these functions and constants 
experimentally based on different „from standing to squatting” positions, 
involving multiple human subjects.  
To carry out the measurements of the center of gravity, force platforms were 
manufactured out of two wooden plates. The dimensions of the platform are 
258 mm x 400 mm with 13 mm of thickness. One of the platforms has three 
bores for the dynamometers, and a coordinate system is engraved in it as 
well (Figure 3.3).  
 
Figure 3.3. Force platform 
The zero point of the coordinate system is located at x0 = 129 mm, y0 = 50 
mm. This point is measured from the left low corner of the force platform 
(Figure 3.3). The human subjects had to stand on these platforms during the 
measurements by adjusting their heels to the metal frame (Figure 3.3). This 
metal frame assured that all the participants stood on the same position on 
the frame. 
For the experiments, MOM type “A” class ETP 7922 dynamometers [3.19] 
were used from the Kaliber Ltd, which have the following parameters: 
• Range of load: 0-1000 N, 
• Cell coefficient: 1 mV/V ± 0.1, 
• 0.05 % accuracy on total range. 
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The dynamometer is shown in Figure 3.4. 
 
Figure 3.4. MOM type dynamometer 
For data process, a Spider 8 multi-channel PC measurement electronics [3.20] 
was used from the HBM GmbH, which is capable for parallel dynamic data 
acquisition with the following parameters: 
• 0.1% accuracy on total range, 
• Maximum number of channels: 8/device, 
• Digital measurement rate: 9600/s/channel. 
The Spider is controlled by the Catman Express 3.0 program, and developed 
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2.2. Measurement of the center of gravity line 
The experiments were carried out on 16 persons (9 males and 7 females) 
between 21 and 27 years old (Figure 3.5). The mean (± standard deviation) 
weight of all participants was 72.2 ± 17.4 kg respectively. The measurements 
were carried out in two parts. 9 people at the first experiment and couple of 
weeks later the other 7. 
    
    
    
    
Figure 3.5. Subjects of the experiment 
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The dynamometers had been calibrated with standard weights and their 
equilibrium (ΣFi = F1 + F2 + F3 = BW) had been checked before the 
measurements were carried out (the load, derived from the body weight is 
represented by BW). During the measurements the dynamometers were set 
under the force plate, and while a human subject was standing on it, the 
forces (F1, F2, F3 are the forces induced in the dynamometers) were 
continuously measured in the three points (Figure 3.6). 
 
Figure 3.6. Arrangement of the dynamometers 
The position of the measured resultant force is very precisely called as the 
center of pressure (COP). The center of pressure and the center of gravity is 
not in the same position under the movement due to the dynamic forces 
acting on the body. In order to determine the position of the center of gravity 
(COG) along an arbitrary direction (y), the following equation has to be 
concerned [3.21]: 
ϑ ′′⋅=⋅−⋅ lyBWyF cCOPGR  (3.1) 
Where FGR is the measured resultant ground reaction force, BW is the body 
weight force, yCOP and yc are the moment arms, ϑ ′′  is the angular acceleration 
and l is a constant. We assumed that the body is in still position, then the 
right side of the equation equals to zero, since ϑ ′′ = 0. By setting the equation, 
the following is obtained: 
cCOPGR yBWyF ⋅=⋅  (3.2) 
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Since the measured resultant ground reaction force and the body weight is 
the same (FGR = BW), the equation is simplified to: 
cCOP yy =  (3.3) 
In the case of our experiment, the subjects remained still during the 
measurement, thus the position of the center of gravity and the center of 
pressure, under these specific boundary conditions of this measurement, is 
the same. The position of the center of gravity was derived according to the 
law of spatial force system [3.22]. If this theory is applied on the three 


























∑  (3.5) 
Where xc and yc are the coordinates of the center of gravity line defined in the 
coordinate system of the force plate. From these formulas, both xc and yc 
position of the center of gravity line can be located, although only the yc 
component will be investigated. Measuring the zc direction is not possible 
with this instrument.  
The simple linkage model, which was introduced in Subsection 2.1, must be 
applied on the subjects as well. In order to carry out the experiment, cross 
markers were attached to known anatomical points namely: the ankle (lateral 
malleolus), the knee (lateral epicondyle), and the femur proximalis 
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Figure 3.7. Squat positions 
It is fairly easy and accurate to find these well palpable anatomical points. If 
a straight line intersects the crosses, the lines will appoint the theoretical axes 
of femur and tibia, and the same model is obtained as it is in Figure 3.1.  
When the markers are fixed, the subject steps up on the plates and his/her 
center of gravity will be measured in six positions (Figure 3.7).  
During the squatting motion, the subject has to keep three conditions: 
1) stretched arms, 
2) heels adjusted to the metal frame at initial standing position, 
3) keeping the different positions for 3 seconds. 
This type of squatting is not a standardized movement. During squatting, the 
heel naturally ascends which is allowable for the experiment. The metal 
frame has the purpose to provide the same initial position for each subject, 
not to restrain the heel from its natural movement.  
The squatting plane (see in the background in Figure 3.7) is not meant to 
calibrate angles, only to distinguish the six squatting positions during the 
measurement. Measuring the parameters strictly at the very same angles in 
case of all subjects is irrelevant regarding the aims. 
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The xc and yc coordinates of the center of gravity were measured in six 
positions, and in each position a photo was taken as well. The measured data 
were processed in Excel. As an example, the following kind of graphs was 
obtained as it can be seen in Figure 3.8. 
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Figure 3.8. Measured y component of the center of gravity 
The graph shows the change of the yc component of the center of gravity line 
in one position as a function of time. As it is seen, some fluctuation appears 
during the measurement due to the effect of the balancing nerve system. The 














Where, j denotes the numbers of the positions (1-6), i denotes the particular 
sample while n denotes the sample size during the predetermined time 




















The data distribution was checked and proved to be normally distributed 
(Figure 3.9). 
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Figure 3.9. Distribution check of Stubner-Fekete’s data 
The standard error can be deduced from the standard deviation and the t-
value: 
ycc sty ⋅=∆  (3.8) 
The t value can be found by the use of t-test tables [3.23]: 
• in case of 95% confidence, 
• the degree of freedom of the experiment is beyond 120, 
then t = 1.96 [3.23]. 
According to these calculations the yc coordinate of the center of gravity line 
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2.3. Construction of dimensionless quantities and angles  
After measuring the yc coordinate of the center of gravity line of all persons, 
the theoretical lines of the bone axes and the intersection of the center of 
gravity had to be constructed. The constructions were carried out in the 
AUTOCAD by importing the photos into the program. Since all of the 
dimensions of the platforms were known, the measured y component of the 
center of gravity could be drawn in each position by the software  
(Figure 3.10). 
 
Figure 3.10. yc coordinate with it standard deviation 
Only a conversion coefficient (ζ) had to be calculated between the photo scale 
and the real scale, and the line of action of the center of gravity could be 
plotted (Figure 3.11). 
   
Figure 3.11. Plotted yc on the model 
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Problem occurred, when we simply tried to connect the markers with a line 
in other positions then standing, since the markers on the knee and the femur 
proximalis were shifted.  
Due to this shift during the motion, the markers (at point B and C) did not 
show the proper position of the bone endings. 
Only the marker on the ankle (point A) did not alter its position during 
squatting. In order to evade this problem, a new construction procedure was 
developed to find the correct positions of the markers in other squatting 
status. This method is presented now in details. 
Additional auxiliary points have to be specified in order to construct the 
shifted point B and C. Let us denote these shifted points now on as B’ and C’. 
At the initial standing position (Figure 3.12), the length of AB and BC section 
can be easily allocated. Two more auxiliary points are needed, which have 
the attribute of not changing their position during the movement (like point 
A), thus they can be used to construct the shifted point B’ and C’. To carry out 
this construction, segments have to be found on the leg where the tissue does 
not move significantly under squatting motion. 
During squatting, the muscular activity is low in the hamstrings and tibialis 
anterior muscles [2.27]. This fact can be used as follows: in the appointed 
areas, due to the lack of muscle activity, the deformation of the tissue 
surroundings is fairly low. Therefore, these areas can be modelled during the 
construction as rigid bodies (Figure 3.11). By considering these segments as 
rigid bodies, two auxiliary points (P and Q) can be appointed and measured 
by radius R1-2-3-4. With the help of these two extra points (P and Q), the 
shifted points (B’ and C’) can be determined in any position. 
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Figure 3.12. 1st construction position 
To carry out the construction, six constants (AB and BC length, R1-2-3-4 
radiuses) have to be determined by the following steps (Figure 3.12 and 
Figure 3.13): 
• Let us denote the point of ankle as A, the femur distalis as B, and the 
femur proximalis as C.  
• AB and BC length must be measured (from point A and B) and stored 
in AUTOCAD. 
• Let us draw a circle from point A, denoted by R1, which crosses the 
anterior part of the shin in an arbitrary point. Let the R1 radius be 
stored, and the arbitrary point denoted as Q.  
• From the intersection of R1 and the shin (point Q), let us draw 
another circle, denoted by R2, which intersects point B. This radius 
must be stored as well.  
• Let us draw again a circle from point B, denoted by R3, which crosses 
the posterior part of the thigh in an arbitrary point. Let the R3 radius 
be stored, and the arbitrary point denoted as P. 
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• From the intersection of R3 and the thigh (point P), let us draw 
another circle, denoted by R4, which intersects point C. This radius 
must be stored as well. 
 
Figure 3.13. 2nd construction position 
A mentioin must be made that all measured constants (AB and BC length, R1-
2-3-4 radiuses) are used in the following steps as well. Then in each position, 
the shifted B and C points (B’ and C’) can be allocated by using the following 
steps (Figure 3.13):  
• From the point A, a circle is drawn with equal radius as the original 
AB length. 
• From point A, another circle is drawn with R1 radius, which 
intersects the anterior part of the shin. This is point Q.  
• From this intersection, point Q, another circle has to be drawn with 
radius R2, which intersects with the AB circle. That intersection will 
be the shifted point B, denoted by B’. 
• Since point B’ is available, a circle with R3 radius has to be drawn 
which intersects with the posterior part of the thigh. This is point P. 
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• From point P, a circle with radius R4, while from point B’, another 
circle with BC radius has to be drawn. Their intersection is the shifted 
position of point C, denoted now as C’.  
Now, all requested points are available, thus the AB and BC lines can be 
connected and they represent the theoretical axes of the femur and the tibia.  
A particular mention must be made of the fact that these A-B-C points are 
well palpable anatomical points where experiment shows that the deviation 
(error) between two persons’ points is higher than the deviation (error) 
caused by the palpation. 
After all constructions were carried out, the measured and averaged center of 
gravity lines are plotted as dashed vertical line on the theoretical femur and 
tibia axes. By doing so, the l30, l3, l10, l1 lengths become measurable in each 
status, and the specific λ1(α), λ3(α) functions can be determined as a function 
of flexion angle. 
Naturally, these constructions and the measured averaged center of gravity 
lines are applied individually on each subject, using their individually 
measured data. Not only one data set was applied on all participants, but 
also each participants own measured data. 
The flexion angle alongside with δ(α) and γ(α) were also measured in every 
position as it is seen in Figure 3.13. 
After the construction of the specific lengths, the β(α) angle and the 
parameters had to be measured as well. The construction of β(α) angle was 
carried out as follows: a tangent was laid on the patellar tendon, thus the 
angle between the ligament and the tibial axis could be immediately 
measured in any position (Figure 3.14 and Figure 3.15). 
The lp length is known to be constant from the earlier studies [3.1, 3.2, 3.3] 
and so is the lt, the height of the tibial tuberosity.  
The lp and lt lengths were measured in stance position (Figure 3.14). 
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Figure 3.14. Determining β(α) angle and lt in stance position 
This construction and measurement has been carried out in each position and 
on every person individually. 
 
Figure 3.15. Measuring the β(α) angle and lt in squat position 
At the end of the construction, the lf constant has also been measured 
(Figure 3.16). 
 
Figure 3.16. Measuring lf in squat position 
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3. Data processing 
3.1. Fundamentals 
The analysis of variance is a method to investigate whether the variance of an 
observed phenomenon during an experiment varies significantly – caused by 
unknown factors – or remains approximately the same, therefore only the 
same factors are taken into account in each experimental set. The method 
includes two steps: 
1. Homogeneity analysis: Are the variances weighted with the same 
factors? If yes, then an averaged variance can be calculated. If no, the 
phenomenon cannot be approximated by only one function. 
2. Curve fitting. 
In the following steps, a homogeneity method will be presented on the data 
of a human subject in order to identify the mathematical model that best fits 
the data set. Further on, the F-test [3.23] or so-called Fisher-test will be applied 
on the data of each human subject. The test is very sensitive to non-normality 
[3.24, 3.25] but in that case, the Bartlett’s test [1.7] can also be used.  
Let the yc component of the center of gravity line be examined by the F-test, 
whether the homogeneity of variances is applicable and valid. For the test, 







sFExp =  
 
(3.9) 
And if  
TableExp FF ≤.  (3.10) 
then the homogeneity of variances is valid. This means, that e.g. an averaged 
variance (and hereby the averaged standard deviation) can be determined for 
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3.2. Steps of the approach 
Let us take, as an example, one person’s data – Anonym I. – and present the 
test (Table 3.2). The variance of yc (syc2) was calculated from the measured 
data of each squatting status. Since the momentary result is important in this 
experiment, only the first 15-25 samples were taken. 
Due to the occasional swing of the human body (which maintains balance), 
the measured data included higher amplitudes. These amplitudes can be 
considered as disturbances in the measured data, therefore they were 
neglected as follows: during the sampling, the measured data was mostly 
similar to Figure 3.8, but in certain cases, higher jumps appeared in the 
measured set. These jumps were detected by statistical methods as gross 
errors, due to extreme balancing movements, and therefore removed from 
the data set. 
The variance number related to the λ1 and λ3 values are relatively low, and 
for this reason, all the digits were necessary to use. 
Status syc2 [mm2] sλ12 [mm2] sλ32 [mm2] DoF [-] 
2nd 0.764 0.004147 0.003106 15 
3rd 0.8354 0.003298 0.002505 23 
4th 0.9187 0.002309 0.002543 12 
5th 0.8407 0.002253 0.001807 14 
6th 0.7559 0.001756 0.001421 14 
s2max 0.9187 0.04147 0.003106 - 
s2min 0.7559 0.001756 0.001421 - 
Fexp 1.21 2.36 2.18 - 
Ftable 2.53 2.46 2.46 - 
Table 3.2. Table of calculation for homogeneity analysis of Anonym I. 
In the 1st position, when the subject is standing, no deviation can be defined. 
As it is seen, the result of Table 3.2 satisfies the condition of Eq. (3.10), so the 
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Since the determined variance of the center of gravity (s2yc) is convincingly 
homogeneous, the same way the variance (s2λ1-3) of the derived geometrical 
values (λ1, λ3) were also checked and proven to be homogeneous (see data of 
Anonym I. s2yc and s2λ1-3 data of in Table 3.2). 
The following step is to find an approximate function, which properly fits on 
the data set. It is always beneficial to use the simplest approximate function, 
which is the linear function. In order to check the validity of the linear 
function let us introduce a so-called fitting variance [1.7].  
In Eq. (3.12) n - 2 stands for the linear approximation. In case of quadratic 






















The result can be derived by substituting λi values in each experimental 
status, and the value, given by the approximate function in that specific 
angle, will be subtracted from it. 
After calculating the fitting variances in all status, the maximum fitting 













































F fitExp  
 
(3.14) 
while the table value is, Ftable = 3.11,  
TableExp FF ≤−31.λ  (3.15) 
Thus, the linear approximation is acceptable. The quadratic approximation 
was also tried, but the difference of the fitting was only 0.5% better, which 
does not justify its use.  
After fitting a linear curve to both λ1-3 values, the following functions were 
determined: 
11 4925.00024.0)( λααλ st ⋅±+⋅=  (3.16) 
33 86.00022.0)( λααλ st ⋅±+⋅−=  (3.17) 
Where t = 1.96 [3.23] in case of 95%. 
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The calculation was carried out on all human subjects’ data. The syc deviation 
values varied between 0.5-4 mm among the persons. The sλ1-sλ3 deviations 
varied between 0.0035-0.032 in the whole set and they were plotted in  
Figure 3.17 and Figure 3.18.  
These values mean maximum 4.9% of error, considering the average value of 
λ1(α) or λ3(α) functions. The measurement error itself, due to the accurate 
instrument, is insignificantly low. 
The major part of the deviation is due to the human synthesis, namely the 
constant sway (swing) of the human body during the measurement of the six 
positions. However, these results show proper accuracy and reliability, since 
the measurements were carried out in different time and the instrument was 
recalibrated. 
Besides the λ1(α) or λ3(α) functions, the β(α) and ø(α) (for practical reason γ 
function is also put into a dimensionless form) approximate functions have 
been determined with their standard deviation: 
βααβ st ⋅±+⋅−= 56.263861.0)(  (3.18) 
φαα
γ
αφ st ⋅±+⋅−== 567.00026.0)(  (3.19) 
Both the one- and two-tailed probability (p-value) of the functions were 
examined according to the sample size and the Pearson correlation 
coefficient. Eventually they were found significantly less then 0.05. 
All the functions and standard deviation have been summarized in Table 3.3. 
 C1 C2 SD r2 
λ1(α) [-] 0.492 0.0024 0.15 0.65 
λ3(α) [-] 0.86 -0.0022 0.22 0.63 
β(α)  [°] 26.56 -0.3861 14 0.95 
ø(α) [-] 0.567 -0.0026 0.081 0.735 
λt [-] 0.11 0 0.018 - 
λp [-] 0.1475 0 0.043 - 
λf [-] 0.164 0 0.028 - 
Table 3.3. Functions* and constants of the analytical-kinetical model 
*   The following equation is used: f(α) = C1 + C2· α  
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Where r2 is the linear correlation coefficient between the original and 
modelled data values regarding the λ1(α), λ3(α), β(α) and ø(α) functions and 
SD denotes the standard deviation. The standard deviation and the 
correlation coefficient are considered normal compared to other 
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The λ1(α) or λ3(α) functions give a view about the horizontal movement of the 
center of gravity line under squatting motion. By substituting any α into the λ 
functions, the intersection of the center of gravity line with the femur and 
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Figure 3.18. Dimensionless λ3 function 
Experiments on human subjects 
 
 
– 127 – 
 
 
The ø(α) and β(α) functions are also plotted with their standard deviation 










Experimental data of ø
 












Experimental data of β




Figure 3.20. Dimensionless β function 
The results were compared to other authors’ results in case of the β function. 
As it is seen, the correlation between the own measured results, the results of 
Van Eijden et al. [2.29], Wimmer and Andriacchi [3.27] and Victor et al. [2.78] 
is remarkably good.  
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The higher deviation of the λ1, λ3 and ø functions can be originated to three 
factors: 
1. The variety of the subjects (regardless of males or females) 
2. Small, but inevitable differences in the carried out motion, 
3. The constant fluctuation of the center of pressure, which is directly 
connected to the center of gravity under standing, walking or 
squatting movement. 
Let us explain these factors in details. 
The aim of the experiment was to derive universal descriptive functions with 
regard to the horizontal movement of the center of gravity. The obtained 
results were inspected if noticeable difference could be observed on the male 
or female results, but seemingly, they were randomly located in the data field 
with similar trend. 
Naturally, in contempt of the prescribed three conditions, small differences 
always appear in biomechanical measurements, since humans implicitly are 
not able to carry out a motion exactly the same way as a machine. This 
incident obviously increases the standard deviation in the biomechanical 
measurements.  
To maintain balance, the human body has to move constantly towards a 
balance point, which appears physically as a body sway. This neural control 
[3.28, 3.29] can be perceived as constant fluctuation in the center of pressure. 
Due to this constant interference of the neural balance control, more 
deviation is experienced in the measured data. 
Beside these factors, one more remark has to be added. 
A visible gap appears in the functions between 0˚ and 50˚ of flexion angle, 
which can be explained as follows: the subjects were asked to bend their 
knees slightly, however, a bent knee at 20˚ of flexion angled can be perceived 
as someone being in normal stance position. Since the aim was to carry out 
squatting measurement, the subjects were ordered to take on a well-visible 
bent position, which involuntarily always exceeded 50˚ of flexion angle.  
Regarding the constants (λp, λt, λf) of the analytical-kinetical model, the λp 
factor (the dimensionless length of the patellar tendon) has been also created 
from other authors’ result to validate our measurement method and its 
accuracy. The λp factor, which has been determined by our experiment: 
 043.01475.0 ±=pλ  (3.20) 
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While the average patellar and tibial length from the data of Neyret et al. 
[3.1] and Özaslan et al. [1.23] (data are in mm): 
753 ±=
−Neyretpl and 98.237.38310 ±=−Özaslanl   (3.21) 
From these data λp-Neyret-Özaslan can be created: 
1381.0=
−− ÖzaslanNeyretpλ  (3.22) 
The difference between the averaged constants is 6.3%, which confirms the 
validity of the determined constants. 
In order to gain a view about the movement of the center of gravity, let us 
draw the lower human frame in two positions (Figure 3.21 (a-b)).  
  
  a.     b. 
Figure 3.21 (a-b). Dimensions of the knee joint and the moment arm 
The coordinate system is attached to the knee joint, and it moves constantly 
during squatting. 
If the center of gravity line is given at angle α1, then the horizontal distance 
between the knee joint and the center of gravity can be denoted by y1. 
Accordingly, at a different angle α2 the horizontal distance will be y2. If all y 
distances of the center of gravity are plotted as a function of α, then the 
horizontal movement becomes clear and visual.  
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Let us denote the describing function as Ys(α). The calculation of Ys(α) 
function can be carried out as follows: first the l3(α) functions has to be 
determined. Since, 
3033 /)()( ll ααλ =  (3.23) 
Then by setting Eq. (3.23) we obtain, 
)()( 3303 αλα ⋅= ll  (3.24) 
With a simple trigonometrical equation, finally we obtain: 
)sin()()sin()()( 3303 γααλγααα −⋅⋅=−⋅= llYs  (3.25) 
Where, l3 is the actual femur length. 
In order to determine the Ys(α) function, the λ3 function together with the 
length of the femur and tibia are required. These anthropometrical data can 
be found in Table 3.4. 
 AVERAGE SD  r2  SAMPLE  p < 
Length of Femur (Male) [cm] 45.15 2.32 - 9 - 
Length of Tibia (Male) [cm] 41.46 1.32 - 9 - 
Length of Femur (Female) [cm] 40.12 1.64 - 7 - 
Length of Tibia (Female) [cm] 36.27 1.89 - 7 - 
λ1(α) function Eq. 3.16 Table 3.3 0.65 55 0.05 
λ3(α) function Eq. 3.17 Table 3.3 0.63 31 0.05 
Table 3.4. Anthropometrical data of the subjects 
The obtained data regarding the length of femur and tibia is in good 
agreement with the data found in the literature, since the average length of 
the femur and tibia are approximately 43.85 ±3.549 and 38.37 ±2.398 cm 
(males) and 42.29 ±3.127 and 35.13 ±2.215 cm (females) [1.23]. 
By the use of the length of the bones, the average movement of the center of 
gravity line, with its standard deviation, as a function of flexion angle can be 
obtained (Figure 3.22). In addition, the result from Mason et al. [2.54] has 
been added to the Figure 3.22.  
Experiments on human subjects 
 
 












Mason et al. - Standard squat
 
Figure 3.22. Ys(α) function with its standard deviation 
As it is seen, the difference between the two graphs is quite significant. In 
order to show how the two models differ in numbers, a small calculation has 














KK  (3.26) 
Where, K can be any quantity (force, moment or displacement). ∆K can 
provide a percentage difference of a standard quantity compared to a non-
standard quantity (here standard and non-standard relates to the type of 
squat motion). The results were summarized in Table 3.5. 





Table 3.5. Ys difference between standard and non-standard squat 
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The displacement of center of gravity line, as it was mentioned earlier in the 
introduction, is usually bounded to external non-human geometric 
quantities. The novelty of these graphs that they present functions, which are 
easy to apply in any mathematical model, since they are only dependent on 
one physical quantity: the flexion angle of the knee joint.  
Although Mason et al. [2.54] also created a similar function (Eq. (2.4)), their 
function supposes that: 
− the movement of the femur and the tibia are always symmetric to each 
other, 
− the center of gravity does not move horizontally. 
These hypotheses are major simplifications and the difference evidently 
appears. 
By the use of the experiment, the range of the functions is estimated between 
40° and 160° of flexion angle. Due to the multiple human subjects, an 
acceptable domain has been appointed about the phenomenon of the center 
of gravity line movement in case of squatting.  
The major aims of the experiments were on the one hand to determine how 
the horizontal movement of the center of gravity line changes its position 
under squatting movement, and on the other hand to provide the other 
missing parameters and variables related to the analytical-kinetical model. 




In summary, a new method was presented to experimentally determine the 
horizontal movement of the center of gravity line and other anthropometrical 
constants-functions.  
Multiple human subjects participated in this experiment, and the results of 
the individuals showed good accordance with the whole set. It was also 
demonstrated that the horizontal movement of the center of gravity line 
could be described with dimensionless, linear functions as a function of 
flexion angle. The standard deviation of the functions was also determined. 
By knowing the above-mentioned parameters, the results can be extended for 
further use: the earlier introduced analytical-kinetical model in Chapter 2 – 
where the load case is based on the obtained λ functions – is able to predict 
now both the patellofemoral and tibiofemoral forces. 
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1. Effect of the center of gravity: 
Standard squat model 
Since the required parameters and variables are available, the analytical-
kinetical model of Chapter 2 can be evaluated and compared to the results of 
other authors. However, let us first investigate the effect of the horizontally 
moving center of gravity on the standard squat model described by Mason et 
al. [2.54] from Chapter 2, Subsection 3. 
As it has been proven by other authors [2.32, 2.54], the patellofemoral forces 
directly depend on the net knee moment in case of the standard squat. 
Therefore, it is interesting to see how this moment depends on the position of 
the center of gravity. As it was mentioned earlier, the standard squat model 
is based on the following three assumptions:  
1. During squatting the line of action of the center of gravity does not 
change its position horizontally, 
2. The femur and tibia are symmetrically positioned (their rotation 
during the movement is equivalent), 
3. The net knee moment can be derived as a simple function of the 
flexion angle (Eq. (2.4) and Eq. (2.5)). 
The movement of the center of gravity has been described empirically as a 
linear function of the flexion angle (Eq. (3.16) and Eq. (3.17)). In Chapter 3, an 
equation has been created (Eq. (3.25)) to define the moment arm for the net 
knee moment. This equation, as an amendment, includes the horizontal 
movement of the center of gravity (λ3) and the rotation of the tibia (γ). 
Let us substitute Eq. (3.25) into Eq. (2.5) in order to determine the net knee 
moment with horizontally moving center of gravity: 
)sin()(5.0)(5.0)( 330 γααλαα −⋅⋅⋅⋅=⋅⋅= lBWYBWM sk  (4.1) 
After analytically deriving this net knee moment with the moving center of 
gravity and considering that the femur and tibia are not symmetrically 
positioned, a new calculation was carried out. In Figure 4.1, two net knee 
moments are compared: the original net knee moment without the effect of 
the horizontally moving center of gravity, and a modified (non-standard) net 
knee moment described in Eq. (4.1). 
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Figure 4.1. Net knee moments of the model of Mason et al. [2.54] 
In order to see the influence of the moving center of gravity in numbers, the 
patellofemoral forces and the net knee moments have been recalculated and 
compared as percentage difference between the standard (fixed center of 














KK  (4.2) 
Where, K can be any quantity (force, moment or displacement). ∆K can 
provide a percentage difference of a standard quantity compared to a non-
standard quantity (here standard and non-standard relates to the squat 
motion). The obtained results were summarized in Table 4.1. 
FLEXION ANGLE ∆MN ∆Fq ∆Fpf ∆Fpt 
30° 20% 17% 17% 18% 
60° 28% 24% 24% 24% 
90° 34% 38% 38% 38% 
120° 44% 25% 25% 25% 
Table 4.1. Percentage difference between Standard and Non-standard Squat  
While only 17-20% deviation is noted at 30˚ of flexion angle, a clear 
difference, approximately 44%, can be noted at 120˚ of flexion angle. 
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The significant difference between the net knee moments has also 
considerable impact on the measurable forces.  
The incorporation of the moving center of gravity significantly lowers the 
patellofemoral forces (17-38%) along the calculated domain.  
This lowering effect on the patellofemoral forces (average 27.5%) corresponds 
very well with the result of Kulas et al. [2.73] who also investigated the effect 
of the moderate forward trunk lean condition and observed 24% lower peak 
ACL forces! This closely equal percentage-difference between the ligaments 
and forces is a remarkable match regarding the effect of the moving center of 
gravity. 
Several authors [2.27, 2.69, 2.70, 2.71, 2.72] bethought and assumed that the 
movement of the center of gravity should influence the patellofemoral forces 
by means of decreasing them. By these results, not only the necessity of this 
factor in the modelling has been confirmed, but it also has been shown that 
this factor surely decreases the forces in the tendons (and ligaments). The 
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2. Effect of the center of gravity: 
Non-standard squat model 
In the followings, the new analytical-kinetical model will be compared to the 
available analytical, inverse-dynamics and oxford-type models from the 
literature. 
In Figure 4.2, Figure 4.3, Figure 4.4 and Figure 4.5, the calculated forces of the 
standard and non-standard squat models are plotted and compared with the 
results of other authors. The calculations are carried out between 0˚ and 120˚ 
of flexion angle due to three reasons:  
− This is the so-called active functional arc of the knee joint, where most 
movements are carried out [1.27], 
− The available experimental data in the literature does not exceed this 
specific domain (0-120˚ of flexion angle), 
− The pattern, how the patellofemoral forces behave as a function of 
flexion angle, is the following [4.1]:  
o Between 0-90˚: Monotonic increase, 
o Between 90-120˚: Reaching the maximum, 
o Between 120-160˚: Decrease until maximum flexion. 
− The new analytical-kinetical model predicts the maximum force at a 
120˚ of flexion angle (beyond that angle the forces start decreasing). 
The reason of the decrease beyond 120˚ of flexion angle is due to the wrap of 
the quadriceps which starts approximately at 90˚ of flexion angle. When the 
quadriceps tendon begins to wrap around the femur, the quadriceps force 
angle, with respect to the femoral axis, does not change.  
In the meanwhile, the moment arm of the quadriceps starts increasing due to 
the posterior movement of the tibiofemoral contact, therefore the amount of 
force in the quadriceps decreases and so do the patellar tendon force and the 
patellar compression force [4.1]. 
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Figure 4.3. Patellar tendon force as a function of flexion angle 
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Figure 4.5. Tibiofemoral compression force as a function of flexion angle 
The incorporation of the moving center of gravity (the forward and 
backward movement of the trunk) is an absolute novelty among the existing 
analytical-kinetical models.  
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The former analytical-kinetical models were mainly validated by Oxford test 
rigs [4.2, 4.3, 4.4] that had load systems similar to the standard squat model 
in Figure 2.43, which permits the center of gravity to move only vertically 
under squat movement. This restriction prevents us to observe how the 
patello- and tibiofemoral forces change with the moving center of gravity. 
As a validation, the analytically obtained forces are compared to results 
derived by inverse dynamics approach, oxford-type test rigs, and other 
analytical-kinetical models. 
The inverse dynamics approach is based on the following method: if the 
acting force-system (or acting moments) and the moment of inertia (or mass) 
are known, then by double-integration the displacement of the body (or 
particle) can be deduced: 
Forward dynamics 
F  xmF &&⋅=   ∫∫  x 
 
On the other hand, if the moment of inertia (or mass) and the displacement 
are known, then similarly with a double derivation the acting force-system 
(or moments) can be deduced: 
Inverse dynamics 
x  d2/dt2  xmF &&⋅=   F 
 
With regard to human locomotion, the limbs are represented as rigid links, 
where given the kinematics of each part, the inverse dynamics approach 
determines the forces (and moments) responsible for the individual 
movements. The movements are detected by sensors, while the moment of 
inertia can be taken from experimentally determined tables [1.8, 3.14]. 
By the use of inverse dynamics approach [4.5], all the movements of the 
human body can be taken into consideration, thus the effect of the center of 
gravity as well. By knowing (measuring) the kinematics of a person during 
non-standard squat, the measured forces will involve the effect of the moving 
center of gravity as well. For this reason the results are best compared to the 
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In Figure 4.2, the quadriceps tendon force of the non-standard squat model 
corresponds well with the result of Kulas et al. [2.73], Essinger et al. [4.6] and 
Zheng et al. [4.7]. Among the three authors, the most important comparison 
is considered with Kulas et al. [2.73], since their study involves the effect of 
moderate forward movement of the trunk. The non-standard squat model 
and the model of Sharma et al. [4.1] estimate the peak force at 120˚ of flexion 
angle, while the model of Essinger et al. [4.6] approaches the peak at 100˚ of 
flexion angle. The peak force of the non-standard squat model is estimated to 
3.63 BW. 
In contrast, the standard squat model predicts that the peak magnitude is 7.2 
BW and the peak location is between 90˚ and 100˚ of flexion angle.  
In case of the analytical-kinetical model of Mason et al. [2.54] and similar 
approaches, the following explanation can be derived related to the 
overestimation of the forces. Let us look at Figure 2.43 again.  
The Fq force is calculated from the net knee moment (Eq. (2.5)), where it is 
supposed that the line of action of the center of gravity does not change its 
position. In the calculation of the moment arm (d) it is assumed that l30, which 
represents the length of the femur, the length between the point of rotation 
and the applied BW force does not change its length. Since l30 has constant 
length, the moment is changed only by the different flexion angle. This 
approach assumes that the subject stays in perfectly vertical position during 
squatting. 
In reality, human subjects do lean forward during squatting, which besides 
helping them to keep their balances, it also alters the patellofemoral forces by 
means of reducing them. 
The solution is the following: the length between the point of rotation and the 
acting BW force has to be considered as a function of flexion angle (l3(α)), 
which reduces the net knee moment.  
This is the reason that every model, experimental, analytical or numerical, 
which does not incorporate the moving center of gravity into their model 
tends to overestimate the net knee moment and results higher forces in the 
quadriceps (and in the other muscles or tendons).  
Generally speaking: our new model has also the limit that the input 
parameters, regarding the motion (standard or non-standard squat), only 
describes one specific squatting movement carried out on a set of people.  
All the same, this parameter has not yet been investigated thoroughly by any 
other author (only exception is Kulas et al. [2.73]), thus until now, there was 
no data about how the horizontal movement of the center of gravity 
interferes with the patellofemoral forces. 
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In addition, the model is capable to investigate other types of squat, if other λ 
functions (determined by other measurements) are incorporated. 
In Figure 4.3, the patellar tendon force is plotted. The correlation is very 
strong between the standard and non-standard models regarding this force. 
Their characteristics, magnitudes and peak locations are in good accordance 
with each other. The experimental result of Frohm et al. [4.8] shares more or 
less the same location and magnitude, but it has different, degressive, 
characteristic. According to these corresponding results, the estimated peak 
force is 6.8 BW and the peak location is at 120˚ of flexion angle. 
In Figure 4.4, the patellofemoral compression force is plotted. The deviation 
between the forces is higher, compared to other forces (Fq or Fpt). By 
considering the plotted results, the non-standard squat model correlates with 
the results of Sharma et al. [4.1], Komistek et al. [2.75] and Escamillas et al. 
[4.9], although with some overestimation. Komistek et al. [2.75] and 
Escamilla et al. [4.9] estimated the peak force between 2.6 and 3.5 BW. The 
estimated peak angle of the non-standard squat model, in this case, is located 
around 110˚ of flexion angle and the peak force is approximately 3.6 BW. The 
only exception is the result of Escamilla et al. [4.9], which was only carried 
out up to a 90˚ of flexion angle. 
If we compare the standard squat results with the results provided by the 
inverse dynamics method and the non-standard squat model, the significant 
difference becomes quite apparent related to this force. 
In Figure 4.5, the tibiofemoral force is presented. The standard squat model 
by Mason et al. [2.54] is not able to predict this force, thus no comparison 
could be carried out between the two analytical-kinetical models. 
The new analytical-kinetical model was compared to the results of Zheng et 
al. [4.7], Nagura et al. [4.10] and Steele et al. [4.11]. As it is seen, the four 
results have very good correlation with each other, although the 
experimental result of Zheng et al. [4.7] and Steele et al. [4.11] provide 
prediction only until 90˚ and 70˚ of flexion angle. Here, the peak force is 
estimated between 7.8 BW. 
Although, no direct measurement was performed to validate the obtained 
results, a comparison between the current predictions and the ones found in 
the literature can estimate the validity of this new analytical-kinetical model 
(Table 4.2). The comparison was done at 90˚ of flexion angle, since that was 
the angle until all sources had results. 
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AUTHOR MODEL TYPE Fpf /BW Fpt /BW Ftf /BW Fq /BW 
Mason et al. [2.54] Hinge 5.4 4.5 - 7.1 
Dahlkvist et al. [2.17] Hinge 7.4 - 5.1 5.3 
Steele et al. [4.11] Hinge (OpenSim) - - 7.6 9.6 
Essinger et al. [4.6] Three-dimensional - - - 4.7 
Kulas et al. [2.73] Inverse dynamics - - - 4.1 
Sharma et al. [4.1] Inverse dynamics 2.7 1.5 - 3 
Frohm et al. [4.8] Inverse dynamics - 5.7 - - 
Escamilla et al. [4.9] Inverse dynamics 3.5 - - - 
Komistek et al. [2.75] Inverse dynamics 2.5 - - - 
Nagura et al. [4.10] EMG - - 4.7 4.5 
Zheng et al. [4.7] EMG - - 4.4 4.7 
Churchill et al. [4.4] Oxford 3.9 - - - 
Mean 4.3 3.9 5.45 5.37 
SD 1.86 2.16 1.46 2.06 
Present model Hinge 3.51 3.9 4.86 3.52 
Table 4.2. Peak muscle force predictions from literature and present model 
at 90˚ of flexion angle 
According to Table 4.2, the present model shows very good correlation with 
the results from the literature. In spite of the simplicity of the model, the 
predicted forces, compared to the calculated mean values, only differed by 










Results of the new analytical-kinetical model 
 
 




In summary, a new analytical-kinetical model is presented which draws the 
attention to the effect of moving center of gravity on the knee joint kinetics. 
The difference, if this parameter is considered, has been well-demonstrated 
as the new analytical-kinetical model was compared to the model of Mason 
et al. [Mason et al., 2008].  
Compared to other models, the analytical-kinetical allows the prediction of 
the patellofemoral, tibiofemoral, patellar tendon and quadriceps forces in the 
knee joint under standard- and non-standard squatting motion. In addition, 
while the inverse dynamics method requires expensive measuring system 
and programs to determine the forces, this new model gives accurate results 
by simple equations.  
The model was derived by equilibrium equations and experimentally 
determined parameters based on multiple human participants. The obtained 
results showed good accordance with the compared inverse dynamics results 
from the available literature.  
Among the patello- and tibiofemoral forces, the obtained Fq(α) force function 
can be extended for further use as an input function for isometric motion, 
since most descriptive relationships found in the literature provide only the 
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In this Chapter, numerical and experimental models of the sliding-rolling 
phenomenon will be analyzed, and a new three-dimensional multibody 
model will be introduced.  
Sliding-rolling phenomenon appears in many fields of engineering, but 
maybe it is most known in the field of Machine Elements e.g. gear 
connections. As one of the earliest author and inventor of the involute 
gearing, Leonard Euler [5.1] established the kinematical fundaments of the 
gear-tooth action for further investigations. 
The mechanism of the gear-tooth action is partly rolling and partly sliding. 
Pure rolling only appears in the pitch point, while before and after, sliding 
and rolling are jointly present (Figure 5.1). 
 
Figure 5.1. Gear connection by Klebanov et al. [5.2] 
It has been determined by the fundamental law of gear-tooth action that at 
the instantaneous contact point the two profiles have equal velocities (V1 and 
V2): 
2211 21
ωω ⋅==⋅= bb dVdV   (5.1) 
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These velocities can be broken up to normal and tangential components, 
where the difference of the tangential velocity components is the sliding 
velocity. The sliding component of the movement causes noise, loss of power 
and most of all wear.  
Therefore, in the design the sliding feature of the connection has to be 
carefully taken into account by keeping it as low as possible, since the more 
rolling the connection has, the longer it lasts. 
In the knee joint itself, sliding and rolling appears alike, but as long as the 
connecting surfaces (cartilages) are intact, a natural balance prevails. 
Problems arise when – due to an external trauma or simply to ageing – the 
natural balance is split and more sliding starts appearing in the condyles. 
If this case is an actuality in someone’s life, then upcoming knee arthritis can 
be well handled by means of unicondylar (one-sided implant) or total knee 
replacements (TKR) (Figure 5.2).  
   
Figure 5.2. Unicondylar (left) and Total knee replacement (right) 
Naturally, these knee replacements have to comply with many strict 
requirements. The three most important ones are the followings: 
− Being able to carry out closely the same locomotion as a normal non-
pathological knee, 
− Relieve pain, 
− Good rate of survivorship.  
Even though that manufacturers and researchers provide more and more 
studies about the efficiency and reliability of the current prostheses, failures 
still occur. Major causes of failure can be classified as follows: 
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− Infection of the joint,  
− Loose components (either femoral or tibial), 
− Fracture of components, 
− Wear of the components. 
It is considerably difficult to give a complete answer to each segment, since 
these problems are probably – to a certain extent – dependent on each other. 
Thus, let us limit our investigation to the last problem, related to the wear 
and within that, to the phenomenon of sliding-rolling. 
Implant wear is the main mechanical factor that limits the lifetime duration 
of the knee replacements [5.3, 5.4, 5.5, 5.6]. It has been also confirmed that the 
kinematics of the knee joint has critical influence on the wear of the 
replacements [3.27, 5.7]. The wear in implants, due to occurring particle 
debris, is in relation with multiple and interrelated factors (Figure 5.3), 
therefore it has to be studied as a system not as a material property [5.8]. 
 
Figure 5.3. System of implant wear by Karlhuber [5.8] 
The system of implant wear – suggested by Karlhuber [5.8] – is very complex 
to involve completely in a numerical analysis, therefore only some parts will 
be taken into account in this study.  
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The rolling-sliding factor is not a frequently applied and investigated 
element in the system, although it has been suggested that a very similar 
movement, the cyclic sliding, is the most damaging kinematic motion [5.9].  
Sliding-rolling can be a key-factor, and also an answer why several authors 
[5.10, 5.11], who have carried out wear studies on different test setups, 
obtained results which did not exactly correspond with the damage seen in 
the retrieved TKRs.  
One possible interpretation of the difference in the actual and expected wear 
can be originated to the fact, that the sliding-rolling ratio is not correctly 
taken into account, or if it is possible to set on the test setup, than it is 
incorrectly adjusted to the motion. 
It has also been considered that high slip velocity during gait cycles causes 
increased sliding motion on the tibiofemoral surfaces and therefore generates 
greater volume of wear debris [5.12]. Laurent et al. [5.13] also suggested that 
the wear mechanism is highly dependent not only on the loading of the 
connecting surfaces but the interfacial contact kinematics, which consist a 
cyclic multidirectional path of motion and the rolling-sliding ratio. 
However, how is the sliding-rolling ratio involved into tribological tests? 
A wear study on TKRs is carried out similarly as other wear tests. Load, 
number of cycles, in some studies sliding-rolling ratio and other factors, have 
to be set before the test and after the experiment, according to these 
parameters, wear can be estimated. Nevertheless, while the load (which is 
represented as the tibiofemoral force between a femoral and tibial 
compartment) is a well-known parameter or at least the maximum of the 
load is known, the sliding-rolling ratio in the active functional arc (where 
most of the locomotion is carried out) is currently unknown. 
For this reason, this part of the thesis is dedicated to the sliding-rolling 
phenomenon of total knee replacements. With the obtained results, 
(minimum and maximum values of the ratio, evolution along the flexion 
angle) valuable information can be provided about this significantly 
influencing wear factor. 
The applied methods are numerical, since computer models are proven to be 
useful tools for predicting complex kinematics, especially if the motion has to 
be modelled in three-dimension.  
In the following Chapter, a review of different models (numerical and 
experimental) will be presented, while the second part of the study describes 
a new multibody model, which can estimate the sliding-rolling phenomenon 
and the kinetics between the contact surfaces (condyles) under squatting 
movement. 
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2. General numerical models 
Although the knee is statically unstable structure, the surrounding ligaments, 
meniscus and muscles sustain its stability. In case of investigating local 
kinetics and kinematics of the knee joint, an adequately complex model has 
to be created. Since computational models outnumber analytical models, 
only the most cited three-dimensional multibody and finite element knee 
models are summarized in Table 5.1. 
AUTHORS 
DYNAMIC / QUASI-
STATIC MODEL TYPE  
Wismans et al. [2.24] Quasi-static Knee Rigid 
Blankevoort et al. [5.14] Quasi-static Knee Deformable 
Pandy et al. [5.15, 5.16] Quasi-static Knee Deformable 
Al-Rahmann and Hefzy [5.17] Quasi-static Knee Rigid 
Kwak et al. [5.18] Quasi-static Knee Deformable 
Piazza and Delp [5.19] Dynamic Full-body Rigid 
Cohen et al. [5.20] Quasi-static Knee Deformable 
Dhaher and Kahn [5.21] Quasi-static Knee Rigid 
Chao [5.22] Quasi-static Knee Deformable 
Guess et al. [5.23] Dynamic Knee Deformable 
Bíró et al. [5.24] Dynamic Knee Rigid 
Table 5.1. Numerical knee models 
It is clear from the table that both rigid- and deformable models are 
frequently used. Most of the cases, the authors were in agreement – as an 
adequate approximation – to model only the knee itself, not the complete leg 
or body. 
The rigid body models or multibody models generally lack the ability to 
calculate contact pressures, but have the advantage of providing precise 
contact definition, not only static but real dynamic simulation and quick 
iteration.  
On the other hand, finite element models, due to the considerable simulation 
time, are often used for static simulation but they offer more calculation 
options against the multibody models. 
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3. Sliding-rolling modelling 
3.1. Numerical models 
In this subsection, a review has been assembled, similarly to the Chapter 2, 
where the early models are revised, highlighting their advantages, 
disadvantages and their results related to sliding-rolling. 
Compared to other questions, the sliding-rolling phenomenon, with regard 
to physiological knee joints or TKRs, earned the interest of lesser authors, 
which is apparent due to the low number of studies about this specific area. 
Van Eijden et al. [2.29] constituted remarkably not only in the kinetics of the 
human knee joint, but also in the kinematics, by being the first ones who 
gave local description about the sliding-rolling phenomenon (denoted in 












Figure 5.4. Sliding-rolling between the femur and the patella by Van Eijden et al. [2.29] 
Some remarks have to be mentioned related to their results: 
- Van Eijden et al. [2.29] did not define mathematically how they 
calculated the sliding-rolling ratio. 
- They only calculated the ratio between the patella and the femur, 
although the phenomenon is more relevant between the femur and the 
tibia. 
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Although the model of Chittajallu and Kohrt [5.25] like a stiffness model that 
considers all the major ligaments (ACL, PCL, MCL and LCL), it can also 
calculate a very important feature, the slip ratio. Their mathematical model 
can describe the range of passive knee joint motion, which is the basis of all 
motion of the knee joint, and be a helpful tool in diagnosing the extent of 
ligament injury by matching clinically observed laxity in the knee joint to a 
variety of ligament conditions with the response of their model (Figure 5.5). 
 
Figure 5.5. Model by Chittajallu and Kohrt [5.25] 
The slip ratio is defined as follows: one represents pure rolling, infinite 
represents pure sliding, while intermediate values represent the 
combinations of the two. 
The authors made several simplifications, which are namely: 
a) The tibia plateau is a flat surface, 
b) The surface of the femoral condyle is circular, 
c) Ligaments are one-dimensional bodies without mass and they connect 
to the bone by revolute/pin joints, 
d) Ligaments can change in length, but only in case of tension, 
e) No penetration of the tibia or femur is allowed, 
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As for the findings, the author published the following results: 
I. Strain values of the various ligaments as the function of flexion angle. 
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Figure 5.6. Slip ratio by Chittajallu and Kohrt [5.25] 
The remarks related to the results of this model are the followings: 
- Although Chittajallu and Kohrt [5.25] reported that their slip ratio 
corresponded well with the result of O’Connor et al. [5.26], the result 
lacks providing an easily understandable physical meaning regarding 
the phenomenon.  
- Their model is far too simple to give an accurate prediction about the 
sliding-rolling phenomenon due to the applied geomatrical 
simplifications. 
- The model is only two-dimensional. 
Ling et al. [5.27] introduced a similar model in order to study the behaviour 
of a knee joint with the effect of inertia, articular surfaces, and the patella 
(Figure 5.7).  
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Figure 5.7. Model by Ling et al. [5.27] 
They applied the following simplifications: 
a) The model is planar, created in the sagittal plane, 
b) Ligaments are one-dimensional bodies without mass, 
c) Ligaments can change in length, but only in case of tension, 
d) No penetration of the tibia or femur is allowed, 
e) No friction is assumed. 
As an incompleteness of the earlier models, the authors appointed that the 
articular surfaces of the femur are often assumed circular. To improve this 
problem, they used fourth order and root functions (denoted by fi in Eq. (5.2)) 
to describe the connecting surfaces. The authors determined the sliding-
rolling ratio by calculating the arc lengths travelled on the surface of the tibia 


















If i = 1, then it is the curve of the tibia, if i = 2, then it is the curve of the 
femur. The sliding-rolling ratio is defined as the difference between the 
larger distance (sl) and the smaller distance (ss) travelled on the femur and 





rollingsliding −=/  (5.3) 
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The problem with this definition is that e.g.: sl  equals to 6 mm and ss equals 
to 2 mm, then if we calculate the sliding-rolling ratio from Eq. (5.3), we obtain 
2. By knowing sl and ss, then by common sense it is obvious that the sliding-
rolling ratio is distributed as 66% sliding and 33% of rolling. However, from 
the above-mentioned formula (Eq. (5.3)), we can only obtain the number of 
two, which grants no clear physical interpretation about the ratio. 
From their calculation (Figure 5.8), the authors stated that in the beginning of 
flexion, rolling is dominant and as the flexion angle increases, sliding 
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Figure 5.8. Sliding-rolling ratio by Ling et al. [5.27] 
The following remarks can be concluded regarding their results: 
- In their study, they gave a description how the sliding-rolling ratio 
was calculated, although the ratio itself lacks to interpret the physical 
meaning of the obtained results (e.g. what does the ratio of zero, one or 
numbers above that mean?). 
- By comparing their results to Chittajallu and Kohrt [5.25], no 
correlation can be noticed. 
Wilson et al. [5.28] aimed to prove the hypothesis that the passive knee joint 
is guided by the articular contact and isometric fascicles of the ACL, MCL 
and PCL (anterior-, medial and posterior cruciate ligaments). To perform 
their simulation they created a mechanism based on anatomical 
considerations (Figure 5.9): 
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Figure 5.9. Model by Wilson et al. [5.28] 
The authors applied the following simplifications: 
a) The femoral condyles are spherical,  
b) The tibial condyles are planar, 
c) Ligaments are represented by kinematic pairs (links), 
d) No penetration of the tibia or femur is allowed, 
e) No friction is assumed. 
Regarding the slip ratio, Wilson et al. [5.28] used the description of O’Connor 
et al. [5.26], but Wilson et al. [5.28] described the slip ratio slightly differently: 
slip ratio of zero indicates pure slipping, while one indicates pure rolling. 
Slip ratio above one indicates “skidding”. The slip ratios, provided by the 
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Figure 5.10. Slip ratio by Wilson et al. [5.28] 
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The following remarks can be concluded regarding their results: 
- The connecting surfaces, especially the tibial, are oversimplified. 
- The authors described the slip ratio between zero and one but above 
one, the “skidding” phenomenon is unclear and the authors did not 
explain it further.  
A mention must be made that by neglecting the non-interpreted “skidding” 
zone, the slip ratio starts growing, meaning, that the local movement changes 
from pure rolling to the mixed sliding-rolling phase. This corresponds with 
the early results of Zuppinger [5.29], who stated that in the beginning of the 
motion, e.g. in stance, the knee only carries out rolling motion, and then 
slowly more sliding appears.  
This statement has been widely accepted as a very possible trend of the 
sliding-rolling phenomenon, thus we can assume that the result of Wilson et 
al. [5.28] stands closer to reality than the result of Chittajallu and Kohrt [5.25].  
Although a similar trend appears in the result of Chittajallu and Kohrt [5.25] 
as well, their magnitude is completely in the so-called “skidding” zone, 
which makes it difficult to understand or interpret. 
Hollman et al. [5.30] investigated how the electromyographic activity and 
sliding-rolling phenomenon differ between patients with injured ACLs and 
patients without knee pathology in case of weight bearing movement (WB) 
and non-weight bearing movements (NWB). 
In their research, the determination of the sliding-rolling ratio has been 
carried out by an analytical approach, based on the concept of the path of 
instantaneous center of rotation (PICR). The model is shown in Figure 5.11. 
 
Figure 5.11. PICR model by Hollman et al. [5.30] 
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Hollman et al. [5.30] used certain simplifications regarding to the calculation 
of the sliding-rolling ratio: 
a) The knee joint is primarily a joint with a single degree of freedom, 
b) The knee joint is modelled in the sagittal plane, 
c) The femur line is represented by average condylar geometries, 
d) The tibia line is represented by linear straight line, 
e) The condyles – lateral and femoral – are not distinguished, 
f) No friction is taken into account. 
The authors calculated the contact coordinates of the femur and tibia at 10˚ of 
flexion angle intervals along the surface of the model. Based on the 
experimentally obtained ICR data the sliding-rolling ratio has been 
determined.  
The sliding has been specified in percentage, and the weight-bearing ratio is 
plotted in Figure 5.12. 
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The following remarks must be mentioned regarding the results of Hollman 
et al. [5.30]: 
- The connecting surfaces are oversimplified. 
- The investigated motion is reduced to planar. 
- The model is not suitable for kinetical calculation. 
Nägerl et al. [5.33] re-investigated the question of rolling-sliding (R-S) ratio 
based on the experiments carried out by Iwaki et al. [5.31] and Pinskerova et 
al. [5.32] on loaded, unloaded and cadaver knees. Analytical and numerical 
techniques were mutually applied in the investigation, and new results were 
found regarding the lateral and medial compartments (Table 5.2). 
Medial compartment Lateral compartment 
R-S ratio Flexion angle 
Loaded Unloaded Loaded Unloaded 
ρr-s 0-20˚ 0.96 0.8 1.24 0.17 
ρr-s 45-90˚ 0.1 0.09 0.2 0.43 
Table 5.2. Various rolling-sliding ratios reported by Nägerl et al. [5.33] 
They defined a rolling-sliding ratio (ρ), where one represents pure rolling 
and zero represents pure sliding. In contrary to other authors [5.28, 5.30], 
Nägerl et al. [5.33] assumes that at higher flexion angles the sliding goes far 
beyond than 40-50%. This assumption has been verified by their simulations 
on the AEQOUS-G1 model (Figure 5.13, for later use, here the sliding-rolling 












Figure 5.13. Sliding-rolling ratio by Nägerl et al. [5.33] 
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As for the approach of Nägerl et al. [5.33], the followings can be mentioned: 
- Their approach can calculate the sliding-rolling ratio on both lateral 
and medial side, but the motion is reduced to planar. 
- The results of AEQOUS-G1 is only the result of a single prosthesis. 
- The model is not suitable for kinetical calculation. 
As a closure of this review, a mention must be made that the available results 
from the literature [2.29, 5.25, 5.26, 5.27, 5.28], with few exceptions [5.30, 
5.33], are controversial and no comprehensive study has been published to 
unfold and determine the governing phenomenon of sliding-rolling between 
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3.2. Experimental methods 
Sliding-rolling is tightly connected to several fields such as Machine Design – 
especially gear drives – or the contact between femoral and tibial condyles. 
The connecting point between these fields is the wear. 
As it was earlier mentioned, wear is the most determining lifetime factor 
regarding gear teeth or the current TKRs. Wear is also highly affected by the 
presence of sliding-rolling and for this reason, it cannot be neglected. The 
reason lies in the fact that this phenomenon causes different material 
abrasion (with a possible effect of adhesion) compared to pure sliding or 
rolling alone [5.34]. Several test setups and techniques are available [5.35, 
5.36, 5.37, 5.38, 5.39, 5.40] to quantify the wear on the prosthesis surfaces, but 
it is partially known what forces appear on the surface or how much sliding-
rolling ratio should be applied during standard tests.  
Beside the actual load (which represents the tibiofemoral force), the sliding-
rolling ratio is one of the most important parameters of the wear tests, since if 
it is set incorrectly high or low, than wear will be heavily over- or 
underestimated.  
With regard to the experimental approaches, McGloughlin and Kavanagh 
[5.41] designed and built a three-station wear test rig in order to assess the 
influence of kinematic conditions on quantitative wear on the basis of TKR 
materials (Figure 5.14).  
 
Figure 5.14. Motion conditions by McGloughlin and Kavanagh [5.41] 
In their study, they used a flat plate and a cylinder to measure how wear rate 
is influenced by different sliding-rolling conditions. According to their 
results, at 0.95-0.99 sliding-rolling ratio the wear rate reached the maximum. 
As a conclusion they assumed that on the one hand high sliding-rolling ratio 
generates fatigue type mechanism and on the other hand it influences the 
wear rate, therfore this specific kinematic condition has design significance. 
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Reinholz et al. [5.42] developed a revolving simulator which allows setting 
the sliding-rolling ratio between 0 to 1 (between 0 and 100% of sliding). In 
their experiments they investigated the change of the coefficient of friction as 
a function of sliding. 
Schwenke et al. [5.43] developed a setup which allows the parametric 
analysis of various slip velocity ranges in order to study the polyethylene 
wear relative to the sliding-rolling ratio.  
 
Figure 5.15. Setup by Schwenke et al. [5.43] 
They concluded that high slip velocities under the condition of pure sliding, 
and the transition between pure rolling and sliding (tractive rolling) 
generated the highest amount of wear. Their tests also revealed that the 
amount of sliding rolling has critical effect on the wear. 
Van Citters et al. [5.44] designed a six-station tribotester that is able to test six 
specimens simultaneously (Figure 5.16). In their tests, the sliding-rolling ratio 
was set to maximum 0.4 by means of creating 40% of sliding and 60% of 
rolling [5.44, 5.45]. 
Numerical-mechanical models of squat 
 
 




Figure 5.16. Multi-station test rig by Van Citters et al. [5.44] 
According to these studies, in case of experimental testing of prosthesis 
materials the sliding-rolling ratios are widely applied between 0.3-0.4 in the 
range of 0-30˚ flexion angle. Above this certain angle only McGloughlin and 
Kavanagh [5.41] carried out experiments and proved that the sliding-rolling 
ratio can reach higher values, although they did not use real prosthesis 
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4. Conclusions about the numerical-
experimental models  
After reviewing the advancements of other authors in the modelling of 
sliding-rolling phenomenon, several questions were conceived regarding the 
white spots of the literature.  
By gathering these questions, solid directions about the properties of the new 
model could be drawn and controversial or disregarded factors could be re-
evaluated.  
1st QUESTION: Should numerical or analytical model be used? 
ANSWER: The complex geometry of the condyles and the challenging 
contact issue between the bodies make the description of the phenomenon 
impossible with algebraic equations, thus an analytical model is not advised. 
Due to the complexity of the geometry and the phenomenon itself, only a numerical 
model is fitting for use. 
2nd QUESTION: Which human locomotion should be modelled? 
ANSWER: On the one hand, our analytical-kinetical model is based on the 
squatting movement, thus it is adequate to use this motion as basis. 
Moreover, the load of the knee joint during squatting is certainly higher than 
in most of other activities (Chapter 2, Subsection 4, 1st Question), therefore it 
is a good reason to work further on this movement. 
For these reasons, the chosen locomotion is the squat. 
3rd QUESTION: Should rigid or flexible bodies be used in the modelling? 
ANSWER: Several authors carried out an evaluation between model 
accuracy and computational time using both deformable and rigid contact 
formulations. It has been proven that the use of rigid bodies causes negligible 
error in the kinematical [5.46, 5.47, 5.48] or in the kinetical [5.46] 
investigations, while the calculation time is only the half, one forth of the 
simulations with flexible bodies. Naturally, if e.g. one has to carry out fatigue 
or wear estimations, which requires the contact surfaces and their 
deformations, then only the finite element modelling is adequate. 
Nevertheless, this thesis only deals with one kinematic factor of the wear 
(sliding-rolling) and for this reason the rigid body approach is also suitable. 
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In summary, disregarding the deformation of the bones is a commonly 
applied simplification if we look at the earlier presented models in the 
literature review [2.29, 5.25, 5.26, 5.27, 5.28, 5.30, 5.33], while it only associates 
a moderate error to our investigations. It also has to be mentioned that the 
examination of the deformation in the contact is not among the aims. 
In the new, proposed numerical-kinematical model, the bodies are rigid. 
4th QUESTION: Should two- or three dimensional model be used? 
ANSWER: The human knee joint is practically a three-dimensional joint that 
incorporates secondary rotations in the frontal (represented as 
abduction/adduction) and transverse (represented as axial rotation) planes 
of motion. The assumption that knee joint movements can be represented by 
planar motion in the sagittal plane excludes the potential effect of axial 
rotation (the so-called “screw home mechanism”) on the calculation of the 
sliding-rolling phenomenon.  
Thus, one principal limitation of the earlier published models [2.29, 5.25, 5.26, 
5.27, 5.28, 5.30, 5.33] is that the contact geometry of the knee joint is 
oversimplified. Wilson et al. [5.28] considered the femoral condyles spherical 
and the tibial plateau as a plate, while the natural knee condyles are 
aspherical and the tibial plateau cannot be modelled as a simple plate in the 
sagittal and coronal planes. According to O’Connor et al. [5.26] the slip ratio 
(thus the sliding-rolling ratio as well) is sensitive to the shape, or the 
assumed shape, of the tibia plateau. Considering this fact, simplification of 
the geometry very likely has a significant effect on the sliding-rolling ratio.  
In addition, several authors agree, that their approach [5.28, 5.30] is only a 
rough approximation due to the simplified geometry. 
Thus, the new numerical-kinematical model is consequently three-dimensional. 
5th QUESTION: Should the sliding-rolling phenomenon be examined 
between the tibiofemoral or the patellofemoral connection? 
ANSWER: Typically, wear (regarding knee replacements) appears between 
the tibiofemoral contact due to the constant sliding and rolling motion. For 
this reason, almost with no exceptions, most studies put the emphasis on the 
tibiofemoral connection [3.27, 5.4, 5.5, 5.6, 5.7, 5.9, 5.10, 5.11]. According to 
these studies, the new numerical-kinematical model will also be designed to 
examine the tibiofemoral contact with regard to the sliding-rolling 
phenomenon. 
According to the above-mentioned studies, the new numerical-kinematical model sets 
the emphasis on the tibiofemoral connection. 
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6th QUESTION: What muscles should be taken account and what can be 
disregarded? 
ANSWER: The quadriceps tendon and the patellar tendon are absolute 
necessity, thus we have to consider what other ligaments and tendons can we 
neglect? It has been demonstrated with simultaneous electromyograph 
tracings that in case of balanced equilibrium the extensor effect upon the 
knee is minorly affected by actions in the hamstrings or the gastrocnemius 
muscles (Figure 2.10). 
The roll of the anterior and posterior crucial ligaments (ACL and PCL) is 
neglected in the modelling, since these ligaments are more responsible for the 
stability, rather than force transmission.  
According to the above-mentioned facts, only the quadriceps tendon and the patellar 
tendon are considered in the new numerical-kinematical model, similarly to the 
analytical-kinetical model. 
7th QUESTION: Should friction between the bodies be defined? 
ANSWER: The earlier authors [2.27, 2.29, 2.37, 2.40, 2.43, 2.45, 2.46, 2.48, 5.25, 
5.27] were in agreement that, due to the synovial fluid, the friction between 
the condyles can be neglected, although no studies were reported about the 
possible effect of friction on the sliding-rolling ratio.  
Since multibody models can easily incorporate contacts with friction, it is 
worth involving this specific factor. 
For this reason, friction is incorporated into the numerical-kinematical model.  
8th QUESTION: Should the slip ratio or other quantity be used to define 
the sliding-rolling phenomenon? 
ANSWER: In the literature, several types of slip ratios, sliding-rolling ratios, 
etc, appear. Many of these sources refer to a so-called slip ratio defined by 


















αdrRs icrf  (5.5) 
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R is the radius of the curvature; ricr is the radius from the ICR (instantaneous 
center of rotation) location and α is the flexion angle. sm is the displacement 
between successive convex points on the convex femoral surface and sf is the 
displacement between successive convex points on the flat tibial surface. 
The slip ratio is defined as follows: the slip ratio of one represents pure 
rolling, and a slip-ratio of infinity represents pure slip while intermediate 
values represent combination of roll and slip together. 
This definition does not make the phenomenon easily understandable, or 
gives a well-defined ratio, since between one and infinity the difference is 
infinite. Another ratio has to be introduced, which can describe this local 
motion preferably as a percentage.  
For this reason, a new ratio will be introduced which can describe the sliding-rolling 
phenomenon as a percentage. 
9th QUESTION: Should real bone structure geometry be examined or 
prosthesis geometry? 
ANSWER: The condyles are covered by meniscus, which fulfil several 
purposes: on the one hand, it stabilizes the knee that no severe lateral or 
medial slip would occur, and on the other hand, it disperses the load on the 
surface. In order to model real human bone geometry, the meniscus system 
should be modelled as well, which highly complicates the work. 
It is more advisable to work with current prosthesis geometries, where no 
meniscus modelling is included. 
Therefore, prosthesis geometries are used in the numerical-kinematical model. 
10th QUESTION: Between what angles should the sliding-rolling ratio be 
examined? 
By summarizing the findings of the experimental and mathematical 
(numerical) literature, in case of experimental testing of prosthesis materials 
the sliding-rolling ratios are widely applied between 0.3-0.46 [5.30, 5.45] but 
only in the range of 0˚ to 30˚ flexion angle due to the firm belief that in the 
beginning of the motion, rolling is dominant. This assumption has been 
proven correct, although at higher flexion angles, presumably, the sliding-
rolling ratio changes significantly [5.33, 5.41], but the results related to the 
sliding-rolling ratio above 30˚ of flexion angle are rather limited. 
Since the pattern of the sliding-rolling phenomenon has not been thoroughly 
investigated in full extension, the aims are the followings: 
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I. The pattern and magnitude of the sliding-rolling ratio have to be 
determined between 20-120˚ of flexion angle on several prosthesis 
geometries. This segment is considered as the fundamental active arc 
(Figure 1.15), which is totally under muscular control and involves 
most of our daily activities [1.27].  
a. The arc between zero and 20˚, where the so-called “screw 
home mechanism” happens, is a great interest for anatomist 
although it may have a little importance in the daily living 
activities [5.49] as being only used in such activities as one-
legged stance [5.50] or normal stance. 
b. The arc between 120˚ and 160˚ is not considered due to two 
reasons: there is no increment in the patellofemoral forces 
above 120˚ of flexion angle, and it only appears in the Asian 
cultures as an everyday activity, thus it has smaller 
relevance. 
II. The change of the sliding-rolling ratio has to be investigated, as a 
function of different commercial and prototype prostheses.  
This should help to find the lower and upper limit of the sliding-rolling 
ratio between the condyles. 
III. The possible effect of the lateral and medial collateral ligaments on the 
sliding-rolling ratio should be examined. It is unknown how much 
influence has the ligaments on the local kinematics, therefore as a first 




By summarizing the above-mentioned conclusions, a new multibody model 
will be constructed which includes three important, but earlier neglected 
factors: valid three-dimensional geometry, friction between the condyles and 
as a modelling experiment, collateral ligaments. 
The modelling of the condylar geometries will be based on four commercial 
prostheses and one prototype prosthesis. The spring constants and damping 
constant of the ligaments will be obtained from the literature. In addition, a 
new definition will be introduced to characterize simply and precisely the 
sliding-rolling phenomenon in contrast to the earlier applied, less obvious 
and descriptive slip ratio. 
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For the same reason as it was in the case of the analytical-kinetical model, we 
chose to investigate the squatting for the following facts: under this 
movement the patellofemoral and tibiofemoral forces in the knee reach 
extremity, squatting is a daily used motion, and it has great clinical 
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5. The new numerical-kinematical model 
5.1. Introduction 
The currently applied numerical approaches in contact mechanics can be 
divided into two main groups: Finite Element Method and approaches based 
on Multibody dynamics. 
The Finite Element Method is undisputedly the most powerful numerical 
method in the field of contact mechanics. It is well suited for particularly 
high accuracy requirements but with that, a very high computational effort is 
coupled for contact treatment that causes some practical difficulties e.g. very 
long computation times, divergence problems, etc. 
In certain situation when a modestly decreased accuracy is suitable and 
deformation is not primarily in interest, multibody approach can also model 
the contact with acceptable precision and considerably less computational 
effort compared to Finite Element methods. 
In addition, considering the practicality how multibody software can deal 
with very complex geometries in dynamic contact situations, it is a suitable 
choice for modelling the knee joint during squatting. 
As for the software, MSC.ADAMS has been chosen to carry out kinematical 
and kinetical simulations. MSC.ADAMS is worldwide used program that 
helps engineers to study moving parts, elements, or even complete systems 
and improve their performances.  
In contrast with simple CAD systems, MSC.ADAMS incorporates real 
physics by simultaneously solving linear or non-linear Ordinary Differential 
Equations (ODE) and non-linear Differential-Algebraic Equations (DAE) for 
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5.2. Limitations and advancements 
In this new model, the investigation is restricted to the sliding-rolling ratio 
and the contact kinetics under standard squat movement. The new 
numerical-mechanical model includes some simplifications as follows: 
a) The bones, such as the tibia, patella and femur were assumed as rigid 
bodies, since the influence of deformation in this study is neglected, 
b) The patellar tendon modelled as an inextensible spring, 
c) The quadriceps is modelled as one single linear spring, 
d) No cruciate ligaments were modelled. 
The new model complements the earlier models in some extent, thus it holds 
several new features: 
α The numerical-mechanical model is three-dimensional, based on 
commercial prosthesis geometries, 
β Both lateral and medial sliding-rolling ratio can be studied due to the 
three dimensional surfaces,  
γ Realistic friction condition is considered between the contact surfaces 
e.g. patellofemoral and tibiofemoral connection,  
δ Kinetical investigation is also possible with this model. 
 
5.3. Geometrical models 
Geometric models were mapped by CCD camera system by the use of five 
prosthesis geometries. These prostheses are namely: 
− Prosthesis 1.: Prototype from the SZIU, non-commercial, 
− Prosthesis 2.: Biotech TP Primary knee [5.51], 
− Prosthesis 3.: Biotech TP P/S Primary knee [5.51], 
− Prosthesis 4.: BioMet Oxford Partial knee [5.52], 
− Prosthesis 5.: DePuy PFC [5.53]. 
The geometric models were mapped with a Breuckmann OptoTop-HE 3D 
monochrome scanner with the 75 µm of resolution at the Szent István 
University, by the following steps (Figure 5.17 and Figure 5.18).  
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Figure 5.17. Scanning settings 
  
Figure 5.18. Setting the focus (left) and actual scanning (right) 
The scanned surfaces were processed and assembled in the OptoCat 2010 
program and saved as STL files. 
The STL files (Stereolithography) are widely used in the 3D prototyping or 
computer aided manufacturing. However, the STL is built up as an 
unstructured, triangulated surface, which cannot be directly used in a CAD 
system, but needs to be converted into either a surface or a body model. 
One problematic issue, that although the MSC.ADAMS program should 
accept several graphic files like IGS, STEP or PARASOLID, practically only 
the PARASOLID works properly. PARASOLID files can be created in Solid 
Edge or Solid Works software. Unfortunately, these software cannot convert 
STL files. 
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Theoretically, the solution is the following: 
1. The obtained raw STL files have to be repaired (holes, singularities) 
and then converted into IGS files with the Catia software. 
2. The IGS files have to be converted into PARASOLID format by the 
use of the Solid Edge/Works software. 
Practically, some other factors – inside the CAD software – have to be taken 
into consideration in order to evade the upcoming errors in the file import 
process. This method was carried out in Solid Edge V16 and Catia V5R17, 
and it is systematically explained in the Appendix.  
 
5.4. Multibody models 
After creating the geometrical models, multibody models were built with 
MSC.ADAMS program system. The following boundary conditions were 
applied on each model (Prosthesis 1, 2, 3, 4, 5) identically: 
− The femur distalis was constrained by a GENERAL POINT 
MOTION, where all the coordinates can be prescribed (Figure 5.20). 
Only one prescription was set: the endpoint of the femur (distalis) 
can only perform translational motion along the y-axis.  
− The ankle part of the model was constrained by a SPHERICAL 
JOINT, which allows rotation about all axes, but no translational 
motions are permitted in that point (Figure 5.20). By applying this 
constraint, the tibia can perform a natural rotation and a kinematic 
analysis can be carried out in a further study. 
− Only the patellar tendon and the rectus femoris were considered in 
the numerical-kinematical model. Both of them were modeled as 
simple linear springs (SPRING element see Figure 5.20). According 
to the literature, the stiffness coefficient of the rectus femoris can be 
found between 15 and 83 N/mm [5.54, 5.55], therefore this parameter 
was set to 40 N/mm, as an average value, while a damping 
coefficient of 0.15 Ns/mm was attributed to all tendons to prevent 
oscillations in the system [5.56, 5.57]. The patellar tendon was set to 
inextensible. 
− Between the femur, tibia and patella, CONTACT constraints were set 
according to Coulomb’s law with respect to the very low static and 
dynamic friction coefficients (µs = 0.003 µd = 0.001) similarly to real 
joints [5.58, 5.59] (Figure 5.20). With this constrain, the kinetic 
relationship between the normal and friction forces (Fn, Fs) and the 
flexion angle can be analyzed. 
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− A FORCE VECTOR was applied on the femur distalis (Figure 5.20) 
which represented the load of the body weight (BW). The magnitude 
was set to 800 N (1 BW). The application of the vector was defined by 
a STEP function (STEP (A, x0, h0, x1, h1)), meaning that the force 
magnitude proportionally increased in a certain period of time  
(STEP (time, 0.0, 0.0, 0.03, -800)) until it reached its maximum value  
(Figure 5.19). By loading the model with this method, initial 
unbalances could be evaded. 
 
Figure 5.19. Step function in MSC.ADAMS 
− The following material properties were set [5.60]: Young 
modulusFemur: 19 GPa, Poisson ratioFemur: 0.3, Young modulusTibia:  
1 GPa, Poisson ratioTibia: 0.46. The material properties are necessary if 
CONTACT is used between the surfaces (see in CONTACT section). 
  
Figure 5.20. Multibody model in the MSC.ADAMS 
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5.4.1. Applied forces - FORCE VECTOR [5.61] 
Applied forces in MSC.ADSMS can have one, three, or six components  
(three translational and three rotational) that define the resultant force. For 
example, a single-component force or moment defines the force using a 
single component, while a multi-component force or moment defines the 
force using three or more components. 
Forces can be: 
• Space fixed: Sets the force direction so it is applied to a part. The 
force direction is fixed on ground. In this PhD work, this type of 
force was applied. 
• Moving with the body: Sets the force so it is applied to a part. The 
part defines the direction of the force.  
• Between two bodies: Creates a force between two parts. One of the 
parts can be ground.  
The characteristic of the force can be: 
1. Constant force: In this case, we enter a constant value that will define 
the magnitude of the force in the MSC.ADAMS. In this PhD work, 
this type of force was applied. 
2. Bushing-like force: In this case, the MSC.ADAMS creates a function 
expression that can be defined by linear stiffness and damping 
coefficients. 
3. Custom: By selecting this option, the force can be defined as a 
function of velocity, displacement, other applied forces, user-defined 
variables, or time. 
 
5.4.2. Point Motion - GENERAL POINT MOTION [5.61] 
Two types of point motion can be created by this option: 
• Single point motion: Prescribes the motion of two parts along or 
around one axis. 
• General point motion: Prescribes the motion of two parts along or 
around the three axes (six degrees of freedom (DOF)). 
When a point motion is created, the user can specify the parts to which the 
motion is to be applied and the location/orientation of the motion. 
MSC.ADAMS creates markers on each part at the location of the motion.  
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The z-axis of the reference point defines the positive direction using the right-
hand rule. When choosing a point motion, MSC.ADAMS creates a motion at 
the specified location as follows: 
1. For a single point motion, MSC.ADAMS defines the motion as a 
constant velocity over time, based on the entered value. This can be a 
numerical value, function expression or user-written subroutine. 
2. For general point motion, MSC.ADAMS creates a motion around or 
along all six coordinates of the markers created on the selected parts. 
It does not define the magnitude or the motion, both of them have to 
be defined by the user. In this PhD work, this type of Point Motion 
was applied. 
 
5.4.3.   CONTACT [5.61] 
During contact detection, as a simplification, MSC.ADAMS assumes that the 
volume of intersection between two solids is much less than the volume of 
either solid. After contact occurs between two solids, MSC.ADAMS 
computes the volumes of intersection. Once there is contact, the program 
finds the centroid of the intersection volume. This is the same as the center of 
mass of the intersection volume (assuming the intersection volume has 
uniform density).  
After this step, MSC.ADAMS finds the closest point on each solid to the 
centroid. The distance between these two points is the penetration depth (Pd).  
MSC.ADAMS then puts this distance into a formula where K is the material 
stiffness (for this reason the material property of the bone has to be set), n is 
an exponent while F is the contact force. 
nPKF dc ⋅⋅=  (5.6) 
By this method, the contact forces between any connecting bodies can be 
calculated alongside with the contact position. 
As the simulation starts, the forces acting on the femur distalis drives the 
model (FORCE VECTOR in Figure 5.20). The kinematical constrain 
(GENERAL POINT MOTION in Figure 5.20) has the only role to keep the 
structure in balance thus is could carry out a translational motion along the y-
axis. Since the model is dynamic and not static, the equilibrium of the forces 
during the motion is not imperative.  
Before the simulation, some important parameters have to be set such the 
FACETING TOLERANCE. Faceting is the process of approximating the 
surface of an object by a mesh of triangles. 
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All polygon-based geometry engines used faceted representations of 
surfaces. The default value of this parameter is 300. Higher value will result 
in a finer mesh of triangles, which gives a more accurate representation of 
surfaces that are curved. Setting the faceting tolerance to values greater than 
1000 is not recommended [5.61]. 
 
5.4.4.   MODEL VERIFICATION - Degrees of freedom [5.61] 
It is recommended to inspect the model before the actual run. By using the 
MODEL VERIFY tool, hidden erroneous conditions in the model, such as 
misaligned joints, unconstrained parts, or massless parts can be detected and 
fixed. This tool not only shows errors in the model, but it also calculates the 
degrees of freedom of a kinematical chain, such as our model. 
The MSC.ADAMS determined that the current model (Figure 5.20) has 13 
degrees of freedom (DoF), which can also be manually controlled. The DoF of 
any structure (SDoF) can be determined by the following formula [3.22]: 
SDoF = CDoF – (ci  + ce) (5.7) 
Where CDoF is the degree of freedom of the kinematic chain, ci is the degree of 
freedom of the internal constrains (the ones that connect the links-bodies 
together) while ce is the degree of freedom of the external constrains (the ones 
that connect the kinematical chain to its surroundings). 
One single rigid body in a spatial system has six degree of freedom, while we 
have three, three-dimensional rigid bodies. That gives 3 x 6 = 18 degrees of 
freedom (sDoF = 18). There is only one external constrain, namely the 
SPHERICAL joint which allows three degrees of freedom (the three 
rotations), thus ce = 3. There are two internal constrains, one between the 
patella and femoral surface and one between the femoral and the tibial 
surfaces. These special constrains (in the literature “higher pair”) allow any 
motion on the connecting surfaces but no penetration. This reduces the 
degrees of freedom to one per higher pair. Since there are two connections of 
this type, the ci = 1 + 1 = 2. 
Finally the DoF of the current model is: SDoF = 18 – (3+2) = 13. 
Regarding the solver part of the program, GSTIFF type integrator [5.62] was 
used in the MSC.ADAMS for solving the ODE and DAE of the motion. The 
solver routine was set to work maximum 10-3 tolerance of error, while the 
maximum order of the polynomial was defined as 12. The solution 
converged very well with these parameters and the model is presented in 
Figure 5.21, in different positions during simulation. 
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5.5. Calculation method 
The following kinematic quantities can be directly calculated by the 
MSC.ADAMS during the simulation of the motion as a function of time: 
− )(trCi : Vector-scalar function, which determines the instantaneous 
position of the connecting points of two bodies defined in the 
absolute coordinate system (Figure 5.22). If i = 1, contact between 
femur and tibia, if i = 2, contact between femur and patella. 
− )(trCMF , )(trCMT , )(tvCMF , )(tvCMT , )(tCMFω , )(tCMTω : Vector-
scalar functions, which determine the instantaneous position of the 
center of mass (CMi), velocity and angular velocity of the femur (F) 
and the tibia (T) defined in the absolute coordinate system  
(Figure 5.22). 
− )(teCi : Vector-scalar function (unit-vector), which determines the 
instantaneous tangent vector respectively to the contact path defined 
in the absolute coordinate system (Figure 5.23).  
Besides the kinematic quantities, MSC.ADAMS software can calculate kinetic 
quantities as well, for example: 
− Contact forces between the contact surfaces, reaction forces and 
moments in the applied constrains or forces in the springs. 
 
Figure 5.22. Kinematic quantities between the femur and tibia 
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In order to calculate the sliding-rolling ratio, additional kinematic quantities 
have to be determined as well (these quantities cannot be calculated directly 
with MSC.ADAMS): 
− )(trCF , )(trCT , )(tvCF , )(tvCT : Vector-scalar functions, which 
determine the instantaneous position and velocity in the contact 
point (C) of the connecting femoral or tibial surfaces respectively 
(Figure 5.23).  
 
Figure 5.23. Kinematic quantities between the femur and tibia 
Since the multibody model is considered rigid, the rigid body kinematics is 
applicable. The sliding-rolling ratio is only determined between the femur 
and the tibia therefore the patella does not appear in the calculation or in the 
figures.  
To obtain the velocity of a point – in our case point C1 – the following 
calculation algorithm is applied [5.63]:  
)()()()( trttvtv CFCMFCMFCF ×+= ω  (5.8) 
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)()()()()()( 11 trtrtrtrtrtr CMFCCFCFCMFC −=→+=  (5.10) 
)()()()()()( 11 trtrtrtrtrtr CMTCCTCTCMTC −=→+=  (5.11) 
By substituting equation (5.10) and (5.11) into (5.8) and (5.9) we obtain: 
( ))()()()()( 1 trtrttvtv CMFCCMFCMFCF −×+= ω  (5.12) 
( ))()()()()( 1 trtrttvtv CMTCCMTCMTCT −×+= ω  (5.13) 
Now, the velocities with respect to the femur and tibia are determined in the 
contact point, in the absolute coordinate system (Figure 5.24). 
 
Figure 5.24. Velocities of the femur and tibia in the contact point 
By multiplying equation (5.12) and (5.13) with the )(1 teC  unit vector, we can 
derive the tangential scalar component of the femoral and tibial contact 
velocities with respect to the contact path: 
( )[ ] )()()()()()()()( 111 tetrtrttvtetvtv CCMFCCMFCMFCCFCFt ⋅−×+=⋅= ω  (5.14) 
( )[ ] )()()()()()()()( 111 tetrtrttvtetvtv CCMTCCMTCMTCCTCTt ⋅−×+=⋅= ω  (5.15) 
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The tangential scalar components are only valid, if the following condition is 
satisfied [5.64, 5.65]: 
)()( tvtv
nCTnCF =  (5.16) 
This means that the normal scalar components of the femoral and tibial 
contact velocities have to be equal, otherwise, the two surfaces either would 
be crushed into each other or would be separated. 
Since the scalar contact-velocities are available, by integrating them over time 
the connecting arc lengths with respect to the femur and tibia can be 
calculated as: 
( )[ ] dttetrtrttvdttvts CCMFCCMFCMFCFtfemur ⋅⋅−×+=⋅= ∫∫ )()()()()()()( 11ω  (5.17) 
( )[ ] dttetrtrttvdttvts CCMTCCMTCMTCTttibia ⋅⋅−×+=⋅= ∫∫ )()()()()()()( 11ω  (5.18) 
By having determined the arc lengths on both connecting bodies, the sliding-










=χ  (5.19) 
where, 
)()()( 1 tststs femurNfemurNfemurN −−=∆  (5.20) 
)()()( 1 tststs tibiaNtibiaNtibiaN −−=∆  (5.21) 
are the corresponding incremental differences of the connecting arc lengths. 
The sliding-rolling function, or sliding-rolling ratio, is defined as the 
difference between of an incremental distance travelled (∆stibiaN) on the tibia 
and the incremental distance travelled (∆sfemurN) on the femur over the 
incremental distance travelled (∆stibiaN) on the tibia. N denotes an arbitrary arc 
length during the connection.  
By this function, exact conclusions can be drawn about the sliding and rolling 
features of the motion. A sliding-rolling ratio of zero indicates pure rolling, 
while one describes pure sliding. If the ratio is between zero and one, the 
movement is characterized as partial rolling and sliding.  
For example, a sliding-rolling ratio of 0.4 means 40% of sliding and 60% of 
rolling. A positive ratio shows the slip of the femur compared to the tibia. If 
the sign is negative, than the tibia has higher slip compared to the femur. 
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It is desirable to determine the sliding-rolling ratio as a function of flexion 
angle rather than as a function of time. To do so, the flexion angle (α) was 
derived by integrating the angular velocities of the femur and tibia about the 
x-axis over time and taking into account that the model was set in an initial 
20 degree of squat at the beginning of the motion. 
20)( +⋅+⋅= ∫∫ dtdtt CMTxCMFx ωωα  (5.22) 
Since α(t) function has been determined, time can be exchanged to flexion 








































Numerical-mechanical models of squat 
 
 




After all of the simulations have been carried out on all the five prostheses, 
the following results were obtained related to the sliding-rolling ratio and the 


























Figure 5.26. Tibiofemoral force of SZIU model 
Numerical-mechanical models of squat 
 
 



























Figure 5.28. Tibiofemoral force of Biotech TP model 
 
 
Numerical-mechanical models of squat 
 
 



























Figure 5.30. Tibiofemoral force of Biotech TP P/S model 
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Figure 5.32. Tibiofemoral force of BioMet Oxford model 
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Let us first look at the magnitude and the pattern of the sliding-rolling ratio 
of the different prostheses and then at the tibiofemoral contact forces. The 
calculation of the sliding-rolling is considered on both sides of the condyles 
(lateral and medial) and involves the slip in every direction (spatial). 
In the case of the SZIU prototype model (Figure 5.25), both of the lateral and 
medial sides start from a positive sliding-rolling ratio of 0.2. The functions 
gradually increase with occasional irregularities to 0.42 at the medial side 
and 0.38 at the lateral side.  
The irregularity during the motion is originated to the contact of the complex 
geometries. These mapped geometries are numerically approximated curves, 
thus their smoothness is also a factor that can cause less smooth functions. In 
Figure 5.35, an approximated prosthesis curve is visible from the sagittal 
view. The original analytical curve is represented with continuous line, the 
tangents with dotted lines and the numerical curve with a dashed line. 
 
Figure 5.35. Approximated prosthesis curve 
As the two bodies establish a contact and they start moving along these 
curves, the sharp approximating lines (Figure 5.25-b) may cause small jumps, 
skips on the bodies, which appear mainly on the sliding-rolling functions. 
If we neglect these irregularities, the increment shows closely linear growth. 
With regard to the kinetics, namely the tibiofemoral force (Figure 5.26), 
between the condyles, the evolution of the force can be described as closely 
linearly increasing, with a maximum of 4.5-8.5 times of the BW.  
The Biotech TP and the TP P/S models (Figure 5.27 and Figure 5.29) are from 
the same manufacturer. They have quite similar characteristics both in their 
kinematics and their kinetics.  
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In both cases the sliding-rolling evolution is quite smooth along the complete 
segment (0˚ to 120˚) compared to the SZIU model which is more hectic. 
However the tibiofemoral force of the TP model (Figure 5.30) is half times 
lower compared to the TP P/S force (Figure 5.28). 
The sliding-rolling curves regarding the TP and TP P/S start approximately 
from 0.3. From 40-60˚ of flexion angle, the TP and TP P/S functions begin to 
increase until they reach the maximum sliding-rolling ratio, 0.7 in the case of 
the TP model and 0.725 in case of the TP P/S on both medial and lateral side. 
The BioMet Oxford model (Figure 5.31) has lower sliding attribute, since 
between 20-60˚ of flexion angle it only reaches the value of 0.2-0.22. It has 
also the feature of closely linear growth, with minor irregularities, on both 
sides. Among the tested prostheses, this replacement provided the lowest 
peak sliding-rolling value, namely 0.56. As for the kinetics, the tibiofemoral 
force (Figure 5.32) has the same magnitude as the BioTech TP P/S  
(Figure 5.30). 
While the evolutions of the sliding-rolling functions are somewhat similar 
regarding the SZIU, Biotech TP- TP P/S or BioMet Oxford models, the DePuy 
prosthesis (Figure 5.33) follows a completely different pattern. The curve is 
practically constant, with less than 5% of periodic deviation. The maximum 
value of the curve is registered at 23˚ of flexion angle at the medial side 
where it reaches for a short interval the value of one, which means complete 
sliding. After that the function decreases to an average 0.75. The contact force 
(Figure 5.34) is similar to the BioMet Oxford model (Figure 5.32). 
If we compare the magnitude of the lateral and medial sliding-rolling ratio, a 
slightly higher percentage of sliding can always be credited to the medial 
compartment. This difference is quite visible for the DePuy or SZIU 
prosthesis while it is less obvious concerning the Biotech or BioMet models. 
This difference was also confirmed by the study of Wilson et al. [5.28]: from 
0˚ to 5˚ of flexion angle the sliding-rolling ratio at the medial side was 
significantly higher (approximately 1.5-2 times) compared to the lateral side, 
between 5˚ and 10˚ was about 1-0.5 times and from 20˚ of flexion angle the 
difference stays in the range of 5-8%. Since in general the sliding-rolling ratio 
is slightly (5-8%) higher on the medial side, the medial results were taken as 
reference functions. 
By fitting a third-order function on each medial sliding-rolling curve, the 
results were summarized in Figure 5.36. From this figure, a well-visible trend 
appears along the flexion angle for the SZIU, Biotech TP, Biotech TP P/S and 
the BioMet Oxford models. The DePuy model although falls completely out 
of the range, as appears to be a constant function, thus it has been removed 
from the further investigation. 
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Figure 5.36. Summarized sliding-rolling ratios of the prostheses 
To generalize the results, the obtained functions have been averaged and the 













Figure 5.37. Averaged sliding-rolling ratio of the prostheses 
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The averaged function of the four prostheses (SZIU, Biotech TP, Biotech TP 
P/S and the BioMet Oxford): 
226.010113.410235.11016.5)( 32437 +⋅⋅−⋅⋅+⋅⋅−= −−− ααααχ  (5.24) 
The function with its standard deviation carves out a well-defined area. 
Other results from numerical-kinematical models (ICR approach, semi-3D, 
etc.) have been added to the obtained functions to see how they correlate 
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Figure 5.38. Averaged sliding-rolling ratio function with the results of other authors 
Hollman et al. [5.30] used the path of instantaneous center of rotation (PICR) 
method which is a simplified two-dimensional approach that corresponds 
well with the result of Wilson et al. [5.28]. 
Their results situate just a bit higher than the expected domain, and they only 
reach to 90˚ of flexion angle. 
The difference can be interpreted due to the limitation of their approaches:  
Hollman et al. [5.30] used geometric components which represented 
averaged joint surface geometry obtained from 3 subjects, sliding and rolling 
could be calculated only in the sagittal plane, and the joint was considered a 
single degree of freedom. The carried out motion was a 2-legged sit-to-stand 
movement.  
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Wilson et al. [5.28] carried out passive knee flexion by their model, where the 
main limitation was the geometry as well, since they used spherical femur 
condyles with planar tibial condyles. 
Both of the authors agreed that their main limitation is the geometry, which 
might cause that the sliding-rolling ratio is underestimated in the higher 
flexion angles.  
In contrary, Nägerl et al. [5.33] used unique prosthesis geometry (AEQUOS-
G1), which was designed to maintain primarily rolling attributes during the 
stance phase in order to avoid wear due to the sliding friction. Their result 
corresponds well in the lower region, although they assume that the sliding-
rolling ratio reaches its maximum already at 90˚ of flexion angle. A mention 
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6.1. Effect of lateral and medial collateral ligaments on the 
sliding-rolling ratio 
As an interesting modelling question, the possible effect of the collateral 
ligaments has been considered as a factor, which might alter the sliding-
rolling ratio. Their important role is undisputable regarding the stability of 
the knee, but their contribution to the local kinematics (sliding-rolling) is 
currently unknown. For this reason, three prostheses, with additional 
collateral ligaments, were examined whether the included ligaments have 
significant impact on the sliding-rolling between the contact surfaces  
(Figure 5.39). 
Among the prostheses, the SZIU, the DePuy and the Biotech TP P/S models 
were chosen for further investigation. The SZIU model was considered as 
being a prototype model while the DePuy and the Biotech TP P/S models for 
being widely accepted and applied replacements in the practice. 
 
Figure 5.39. MSC.ADAMS model with collateral ligaments 
The medial- and lateral collateral ligaments were represented with linear 
springs with stiffness value of 134 and 114 N/mm and damping constant of 
0.15 Ns/mm [5.66]. The contact points were appointed according to the 
studies of Park et al. [5.67] and König et al. [5.68].  
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After setting the additional parameters, the simulations were carried out 
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Figure 5.41. Sliding-rolling ratio of SZIU model: with and without collateral ligaments 
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Figure 5.42. Sliding-rolling ratio of Biotech TP P/S model: with and without collateral 
ligaments 
By looking at the DePuy prosthesis, no sharp difference can be noticed on the 
sliding-rolling curves (Figure 5.40). With or without the collateral ligaments, 
their magnitude and shape are almost identical.  
The SZIU model shows also no remarkable difference on the medial side 
however some deviation can be observed on the lateral side (Figure 5.41). 
The sliding-rolling ratios, with and without collateral ligaments, are 
corresponsive until 60˚ of flexion angle. Above this certain angle, 5% more 
sliding appears on the lateral side with collateral ligaments at 60˚ of flexion 
angle and 10% more at the end phase at 120˚ of flexion angle. 
Regarding the Biotech TP P/S replacement, this prosthesis showed also no 
concrete evidence about the effect of the collateral ligaments on the sliding-
rolling phenomenon (Figure 5.42). Up to 105-110˚ of flexion angle the 
difference is imperceptible, after 110˚ of flexion 8% more sliding appears on 
the medial side with collateral ligaments and 4% on the lateral side without 
ligaments. Nevertheless, these differences develop in such a short segment 
(between 110˚ and 120˚ of flexion angle) combined with very low magnitude 
that this deviation can be safely disregarded. 
As a summary, it can be concluded that except the SZIU model, no concrete 
evidence could be observed regarding the effect of collateral ligaments on the 
sliding-rolling ratios. The more observable deviation on the SZIU model is 
very likely attributed to its design, since the prosthesis at issue is a prototype.  
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Sliding-rolling phenomenon related to the human knee joint has been only 
researched by means of two- or semi three-dimensional models where the 
geometry of the knee joint was considerably simplified.  
In our new multibody models real three-dimensional geometries were taken 
into account with the effect of friction between the condyles and collateral 
ligaments.  
By this new model two, long-standing, limits in the knee joint modelling 
were eliminated regarding the sliding-rolling phenomenon. The multibody 
models showed a convincing trend regarding the sliding-rolling ratio, which 
has been so far not studied in such depth. 
By using stereophotogrammetry rendering, several currently used prosthesis 
geometries were mapped and five multibody models were created in order 
to analyze the evolution of the sliding-rolling phenomenon.  
As a conclusion of the numerical results, an averaged third-order function 
has been created with its standard deviation along the active functional arc of 
the knee joint. In addition, the sliding-rolling curves of the individual knee 
replacements were also plotted in the interest of showing the differences 
between the examined prostheses regarding the local kinematics. Results 
from the available literature were plotted together with the obtained 
numerical results as well.  
By reading the results, we can conclude that the new numerical-kinematical 
model and the model of Nägerl et al. [5.33] have a somewhat similar trend 
that starts from moderately low values, which can be interpreted that at 
lower flexion angle rolling dominates the motion, while at higher flexion 
angles sliding gradually increases and prevails. This natural transition is well 
visible in both cases, while it does not appear in the results of Hollman et al. 
[5.30], or only slightly in case of Wilson et al. [5.28] who state that maximum 
of the sliding-rolling ratio is around 0.4-0.45.  
The lack of the transition can be originated in both cases to the simplified 
geometry and the diversity of the motion, which makes the new numerical-
kinematical model more realistic. In addition, except Nägerl et al. [5.33] no 
authors consider higher sliding-rolling ratio than 0.45, while according to our 
model the ratio can easily reach 0.6, or in some cases 0.75, between 110˚ and 
120˚ of flexion angle.  
Another pro beside the new numerical-kinematical model and the model of 
Nägerl et al. [5.33], that above 90˚ of flexion angle the two other models  
[5.28, 5.30] do not provide any information about the sliding-rolling ratio. 
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The obtained results can be beneficial for the practice in the field of total knee 
replacements as well: as it was concluded by McGloughlin and Kavanagh 
[5.41], higher sliding-rolling ratio generates higher wear rate, thus depending 
on the testing angle, a proper ratio has to be applied during tribological tests.  
The currently determined pattern (Figure 5.37), based on the five different 
prosthesis geometries, can provide a future limit for experimental tests 
related to applicable sliding-rolling ratio with the actual load. These 
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In this doctoral thesis, the kinetics (term of classical mechanics, that concerns 
the cause of the motion generated by forces and moments) and local 
kinematics (term of classical mechanics, that studies the movement of 
particles or bodies without considering the causes of the motion) of the 
standard and non-standard squat has been comprehensively studied. 
Regarding the kinetics of the human knee joint, my aim was to demonstrate 
how the horizontal movement of the center of gravity – as a new parameter 
in the theory of squatting – influences its kinetics.  
As for the kinematical point of view, the sliding-rolling ratio has been 
investigated on the complete function arc of different prostheses regarding 
both lateral and medial condyles. 
These aims were accomplished by creating a new analytical-kinetical model 
that can estimate the patellofemoral and tibiofemoral forces under standard 
or non-standard squatting, and a numerical-mechanical model that is 
suitable to investigate the local kinematics of the knee, more precisely the 
sliding-rolling phenomenon. 
The analytical-kinetical model includes new parameters which were 
experimentally determined by involving 16 human subjects into the research. 
By the use of this new analytical-kinetical model, closed-form solution could 
be derived to estimate the patellofemoral and tibiofemoral forces as a 
function of flexion angle. The obtained results correspond well with inverse 
dynamics results from the relevant literature. The model – beside its accuracy 
and simplicity – has the considerable advantage that no measuring device or 
other instrument is needed to calculate patellofemoral or tibiofemoral forces 
during standard or non-standard squatting.  
In the numerical part of the thesis, the relative motion between the contact 
surfaces of the knee joint has been comprehensively studied by means of 
multibody dynamics approach. The observed motion was defined with a 
new sliding-rolling ratio, which has a significant roll among the wear test 
parameters regarding to total knee replacements. Earlier, this ratio was only 
known in the initial part of the movement, approximately up to 30˚ of flexion 
angle. 
The numerical modelling and simulation were carried out in the 
MSC.ADAMS program, involving a number of commercially used prostheses 
from different manufacturers. 
The new scientific results have been summarized in three theses.  
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1st Thesis: A new analytical-kinetical model has been created that can 
provide closed-form solutions regarding the patellofemoral and 
tibiofemoral forces by taking the horizontal movement of the center of 
gravity, as a new parameter in the squat literature, into account. It has also 
been proven by the analytical-kinetical model that this new parameter has 
a significant effect on the patellofemoral kinetics. 
By taking into consideration the earlier published knee models, a new 
analytical-kinetical model has been created which involves 7 
anthropometrical parameters in order to describe the evolution of the 
patellofemoral and tibiofemoral forces between 0˚ and 120˚ of flexion angle. 

















































Applicabilty limit of the model: 0˚ ≤ α ≤ 120˚ 
 
2nd Thesis: By means of experimental methods the horizontal movement of 
the center of gravity during non-standard squat has been experimentally 
described as a function of flexion angle 
As a parameter in demand for the analytical-kinetical model, the center of 
gravity functions were determined by experimental methods carried out on 
16 human subjects, under non-standard squatting motion. The human 
subjects had to carry out the movement under certain conditions (stretched 
out hands, adjusted heels, holding the position for 3 second), thus the 
functions describe one certain squatting motion. 
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Experimental data of λ1 
 













Experimental data of λ3 
 
33 86.00022.0)( λααλ st ⋅±+⋅−=  (3.17) 
Observation limit: 40˚ ≤ α ≤ 160˚ 
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3rd Thesis: Based on the multibody approach, the sliding-rolling ratio 
between the contact surfaces has been determined numerically along the 
complete functional arc with regard to actual prosthesis geometries. 
The sliding-rolling ratio (with its maximum and minimum values) on both 
lateral and medial side has been determined by the use of commercial 
prosthesis models. Earlier, the ratio was only known in the initial 
movement (0˚ ≤ α ≤ 20-30˚) thus now the phenomenon, and its evolution, 
has been described, under certain circumstances, along the complete 
functional arc of the knee joint. 
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1. Future research of the analytical-kinetical 
model  
The new analytical-kinetical model is a good basis for including other 
relevant parameters (e.g. the line of action of the quadriceps force is not 
parallel with the femoral axis, speed-dependent displacement of the center of 
gravity, etc.) to study the squatting movement.  
In its current form, it would be also capable to model the ascending and 
descending motion of rising from a chair if the line of action of the center of 
gravity, by similar measurement was carried out.  
The general significance of analytical models is unambiguous since the effect 
and the mathematical connection of each parameter can be directly observed 
and studied.  
Although the new analytical-kinetical model corresponds well with the 
results from the literature, an experimental test setup, which includes all the 
seven parameters (or preferably other optional parameters as well), would be 
very useful to verify the obtained results by direct measurements. 
Among the simplifications, the one degree-of-freedom connection (hinge 
connection) should be reconsidered in order to make the force prediction 
more realistic. One possible solution could be the incorporation of the 
instantaneous contact points between the tibiofemoral and patellofemoral 
surface similarly to the study of Nisell et al. [2.33]. By doing so, on the one 
hand the connection would be more accurately modeled and on the other 
hand, since contact points would be appointed, connection with friction 
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2. Future research of the numerical-
kinematical model  
The Multibody model includes even more possibilities for further 
development. In our current model, there are several tasks which should be 
closely investigated in the near future: 
− The cruciate ligaments of the knee joint have not been considered in 
our simulations, thus it is adequate to complement the multibody 
model with these ligaments. 
− Analysis of the anatomical angles such as the rotation, abduction, 
adduction, 
− The horizontal movement of the center of gravity has not yet been 
implemented into the multibody model, 
− The ratio of the frictional coefficient has not been investigated 
(different static/dynamic friction coefficient ratios). 
After this short list, let us discuss these options in details. 
The task of the ligaments is twofold. Partly, they maintain the stability of the 
knee joint during various kinds of motions, while they also control it in a 
certain level. There is a debate about whether the connecting surfaces of the 
femur and tibia or the ligaments have more control over the carried out 
movements. By involving the medial and lateral cruciate ligaments, it would 
be possible to analyze how the local motion, the sliding-rolling ratio, changes 
and in this manner, conclusions could be drawn about the control role of the 
ligaments.  
Although, no anatomical angles have been studied thoroughly in this thesis, 
it has been planned to carry out simulations as verification for experimental 
tests. At the Szent István University, a biomechanical research group is 
engaged in kinematical testing of both commercial and prototype prostheses. 
One the one hand, the aim is to measure the rotation, abduction and 
adduction as a function of flexion angle and the applied load, and on the 
other hand to classify these prostheses depending on the above-mentioned 
kinematical quantities. The introduced multibody model, with some 
modification regarding the initial conditions and the constraints, can be an 
efficient and versatile tool for such examination.  
The horizontal movement of the center of gravity has unequivocal impact on 
the kinetics of the human knee joint, which has been demonstrated on the 
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Naturally these results should be expanded on the multibody model as well, 
thus it would visible how this new factor influences the sliding-rolling ratio, 
the contact forces and the anatomical angles. 
The impact of different sets of friction conditions on the local kinematics is 
also an important question which can indirectly provide information about 
wear. The connection between these important parameters could be unfolded 
by changing the ratio of the static and dynamic friction. 
The connection between the sliding-rolling ratio and the anatomical angles 
clearly show how much control the surface connection has on the kinematics 
of the knee joint. By studying this relationship, the ultimate role, or a sort of 
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1. Geometric model creation 
This method was carried out in Solid Edge V16 and Catia V5R17 and 
explained step by step: 
1. The STL file has to be opened in the CATIA (Figure 8.1). 
  
Figure 8.1. STL files in the Catia 
2. Since the STL is only a dot-cloud, a surface has to be fit on the cloud, 
and from surface, a body has to be converted. Disclosing holes on the 
surface or other problems have to be repaired in CATIA software. 
3. After finishing the surface and body model, the geometric model has 
to be saved as IGS. 
4. Now, the IGS can be opened in Solid Edge. Before opening, make 









Figure 8.2. Setting Surface and Solids options in Solid Edge 
 
Figure 8.3. Setting Stitching options in Solid Edge 
5. Once you opened the IGS, you have to save it as a PART. 
6. Read in the PART and now save it as PARASOLID. Before saving, set 
in the OPTIONS as follows (Figure 8.4): 
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7. After setting these options, the IGS can be opened in the Solid Edge 
(Figure 8.5). 
 
Figure 8.5. Geometric model in Solid Edge 
8. Now it can be saved as PARASOLID and can be imported into the 
MSC.ADAMS. 
